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Abstract 

Generalizing Atiyah extensions, we introduce and study differential abelian tensor categories over 
differential rings. By a differential ring, we mean a commutative ring with an action of a Lie ring 
by derivations. In particular, these derivations act on a differential category. A differential Tannakian 
theory is developed. The main application is to the Galois theory of linear differential equations with 
^ . parameters. Namely, we show the existence of a parameterized Picard-Vessiot extension and, there- 

fore, the Galois coiTcspondence for many differential fields with, possibly, non-differentially closed 
fields of constants, that is, fields of functions in parameters. Other applications include a substantially 
simplified test for a system of linear differential equations with parameters to be isomonodromic, 
which will appear in a separate paper. 
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6.3 Proof of Proposition 6.5 
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1. Introduction 



The classical differential Galois theory studies symmetry groups of solutions of linear differential equations, 
or equivalently the groups of automorphisms of the corresponding extensions of differential fields; the groups 
that arise are linear algebraic groups over the field of constants. This theory, started in 19th century by Picard 
and Vessiot, was put on a firm modern footing by Kolchin [34]. In [37], Landesman initiated a generalized 
differential Galois theory that uses Kolchin's axiomatic approach [35] and realizes differential algebraic groups 
as Galois groups. The parameterized Picard-Vessiot Galois theory considered by Cassidy and Singer in [8] 
is a special case of the Landesman generalized differential Galois theory and studies symmetry groups of the 
solutions of linear differential equations whose coefficients contain parameters. This is done by constructing a 
differential field containing the solutions and their derivatives with respect to the parameters, called a parameter- 
ized Picai^d- Vessiot (PPV) extension, and studying its group of differential symmetries, called a pai^ameterized 
differential Galois group. The Galois groups that arise are linear differential algebraic groups, which are defined 
by polynomial differential equations in the parameters. 

The tradition in the classical differential Galois theory has been to assume that the field of constants of 
the coefficient field is algebraically closed [34, 55]. Cassidy and Singer follow the spirit of this ti"adition. For 
example, as in [8, Section 3], consider the differential equation dxf = -J ■ The solutions of this equation will 
be functions of x, which also depend on the parameter t. If x and t are complex variables, these solutions are of 
the form a • x*, a G C{t), and the field generated by the solutions together with their derivatives with respect to 
both X and t is C(x, t, x*, log(x)) . The automorphisms of this field over C(x, t) are given by non-zero elements 



a in C{t) that satisfy the differential equation dty-^^j = 0. However, as explained in [8], this group does 
not have enough elements to give a Galois correspondence between subgroups of the group of automorphisms 
and intermediate differential fields. This leads Cassidy and Singer to require that the field of S^-constants is 
a c?rclosed differential field (or, more generally, that the field of functions of the parameters is differentially 
closed). 

Recall that a differential field is differentially closed if it contains solutions of consistent systems of polyno- 
mial differential equations with coefficients in the field. However, this requirement is an obstacle to the practical 
applicability of the methods of the parameterized theory. A similar phenomenon occurs in the classical differ- 
ential Galois theory: if the field of constants is not algebraically closed, a Picard-Vessiot extension might not 
exist at all (see the famous counterexample of Seidenberg [57]); therefore, there are no differential Galois group 
and Galois con^espondence if this happens. Since the beginning of the theory [34], it has been a major open 
problem in Picard-Vessiot theory to determine to what extent one can avoid taking the algebraic closure of the 
field of constants. In the present paper, we are able to remove the assumption that the field of constants has to 
be differentially closed in order to have a Galois correspondence in the parameterized case. 

With this aim, following [10], we use the Tannakian approach to lineai^ differential equations. In particular. 
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in the usual non-parameterized case [55], we show in Theorem 2.2 that, under a relatively existentially closed 
assumption on the field of constants (which includes the case of formally real fields with real closed fields of 
constants, as well as fields that are purely transcendental extensions of the fields of constants), one can always 
construct a Picard-Vessiot extension for a system of linear differential equations. To treat the parameterized 
case, which is our main interest, we develop a theory of differential categories over differential rings and the 
con^esponding theory of differential Tannakian categories. Here, by a differential ring, we mean a commutative 
ring together with a Lie ring acting on it by derivations (this is also often called a Lie algebroid). The theory of 
differential Tannakian categories allows us to show that a PPV extensions exists under a much milder assump- 
tion (relatively differentially closed) on the field of constants than being differentially closed. Theorem 2.5. This 
assumption is satisfied by many differential fields used in practice. Theorem 2.8. 

The importance of the existence of a PPV extension is that it leads to a Galois correspondence. Section 8.1. 
The Galois group is a differential algebraic group [7, 35, 50] defined over the field of constants, which, after 
passing to the differential closure, coincides with the parameterized differential Galois group from [8], Corol- 
lary 8.10. The Galois correspondence, as usual, can be used to analyze how one may build the extension, step- 
by-step, by adjoining solutions of differential equations of lower order, corresponding to taking intermediate ex- 
tensions of the base field. For example, consider the special function known as the incomplete Gamma-function 
7, which is the solution of a second-order parameterized differential equation [8, Example 7.2] over Q{x, t). 
Knowing the relevant Galois coiTcspondence, one could show how to build the differential field extension of 
Q(x, t) containing 7 without taking the (unnecessary and unnatural) differential closure of Q{t). 

The general nature of our approach will allow in the future to adapt it to the Galois theory of linear difference 
equations, which has numerous applications. Differential algebraic dependencies among solutions of difference 
equations were studied in [25, 26, 27, 13, 14, 15, 20]. Among many applications of the Galois theory, one 
has an algebraic proof of the differential algebraic independence of the Gamma-function over C{x), [27] (the 
Gamma-function satisfies the difference equation r{x + 1) = x ■ T{x)). Moreover, such a method leads to 
algorithms, given in the above papers, that test differential algebraic dependency with applications to solutions 
of even higher order difference equations (hypergeometric functions, etc.). General results on the subject can be 
found in [1, 42, 53, 64, 65, 66, 63]. Moreover, it turns out that the results of this paper lead (see [19]) to a new 
understanding of isomonodromic systems of parameterized linear differential equations [46, 47, 8, 41, 40, 58] 
allowing to substantially simplify the test for isomonodromicity. 

Let us compai^e the present paper with some previously known results. The existence of a PV extension with 
non-algebraically closed field of constants was considered by a number of authors. In particular, the case when 
the Galois group is GL„, the base field is formally real, and the constants are real closed was solved positively 
in [59], while the case of the field M(z) has been also studied in [16]. In the case of one derivation, differential 
Tannakian categories were defined and studied in [52, 51, 32]. In the present paper, we define differential 
Tannakian categories over fields that may have many derivations. Also, we do not choose a basis of the space 
of derivations, allowing us to give a functorial description of the constructions involved. One reason that this 
generalization is needed was explained in [5], in the context of Coleman integration. The paper [45] considers 
the case of several derivations but chooses a basis in the space of derivations and uses a fiber functor to give the 
axioms of a differential Tannakian category. On the contrary, the axioms in the present paper need to be and are 
given independently of the fiber functor. 

It turns out [68] that, in the case of one derivation, one can relax the differentially closed assumption, and just 
ask that the field of constants is algebraically closed in order to guarantee the existence of a PPV extension, by 
using the more straightforward method of differential kernels [38]. This approach was initiated by M. Wibmer 
who first applied difference kernels [9] to study differential equations with difference parameters [69]. While 
not including all the cases from [68], the method presented in our paper gives the existence of PPV extensions 
in many other new situations important for applications. For instance, in the case of the incomplete Gamma- 
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function, if one used the differential kernels approach, one would have to take the algebraic closure Q(i) instead 
of just Q(t). 

Now we give more details about our method. To apply the Tannakian approach in the case of parameterized 
linear differential equations, one needs to develop a theory of differential Tannakian categories over differential 
fields. For this, one needs first to describe what a differential abelian tensor category is. Definition 4.6. In other 
words, one needs to define what it means for a Lie ring of derivations of a field k to act on an abelian A;-linear 
category. The main subtlety here is that one cannot "subtract" functors in order to give a straightforward defi- 
nition. There are two ingredients needed to overcome this difficulty. First, one uses the equivalence established 
by Illusie [29] between complete formal Hopf algebroids and differential rings. Section 3.7. Then one uses the 
formalism of the extension of scalars for categories. Section 4.1 and [18], [61], in order to define the action of a 
complete formal Hopf algebroid over k on an abelian fc-linear category. This leads to the notion of a differential 
category. For example, the category of all modules over a differential ring is a differential category. In this case, 
the differential structure is given by the Atiyah extension [2]. 

The approach to differential categories via the action of Hopf algebroids on categories can be generalized 
to many other situations, including the difference case [9, 39], when the corresponding Hopf algebroid is given 
by the difference ring itself. For the purposes of this paper, it is in fact enough to consider only the degree two 
quotient of the formal Hopf algebroid. Having introduced differential categories, one defines differential Tan- 
nakian categories. Definition 4.22, and proves a differential version of the Tannaka duality between differential 
Hopf algebroids and differential Tannakian categories. Proposition 4.25 and Theorem 4.27. 

The main non-trivial example of a differential category in this paper is the category formed by parameter- 
ized systems of linear- differential equations. Section 5. In this case, the differential structure is given by what 
could be called a parameterized Atiyah extension. Based on this construction, one shows that the category of 
PPV extensions is equivalent to the category of differential fiber functors. Theorem 5.5. Thus, the problem of 
constructing a PPV extension is equivalent to the problem of constructing a differential fiber functor. For the 
latter, we use a geometric approach. The main technical difficulty here is to obtain flatness of a certain differ- 
ential algebra over a differential ring after localizing this ring by a non-zero element. In general, this seems 
to be unknown, however we prove this result in the special case of a Hopf algebroid. Theorem 6.1, which 
is enough for our purpose. As an auxiliary result, we prove that a differentially finitely generated differential 
Hopf algebra is a quotient of the ring of differential polynomials by a differentially finitely generated ideal (one 
does not need to take a radical), Lemma 6.3. Besides, Theorem 6.1 implies the existence of a differential fiber 
functor for a differential Tannakian category over a differentially closed field. Finally, using simple algebro- 
geometric considerations, we construct a differential fiber functor, thus, providing a PPV extension in the case 
of Theorem 2.8. 

The paper is organized as follows. We start by describing our main results in the non-parameterized case. 
Section 2. 1, and the main parameterized case. Section 2.2. The proofs for the parameterized case are postponed 
until Section 7. In the intermediate sections, we develop our main technique as follows. In Section 3, we fix most 
notation used in the paper (Section 3.1) and introduce differential rings, algebras, modules, PPV extensions, and 
jet-rings using the invariant language convenient for the proofs of the main results. We then recall facts about 
extensions of scalars for categories and introduce differential abeUan tensor categories and differential functors 
in Section 4. We use this to define parameterized Atiyah extensions in Section 5 and prove in Theorem 5.5 that 
the categories of PPV extensions and differential functors are equivalent. Section 6 contains the main technical 
ingredient. Theorem 6.1, needed for the proofs of the main results shown in Section 7. Finally, in Section 8, we 
discuss the parameterized differential Galois correspondence for arbitrary fields of constants and the behavior of 
the Galois group under the extensions of constants (see also [47]). For the convenience of the reader, we finish 
by giving the necessary background on Hopf algebroids and the usual Tannakian categories in the appendix. 
Section 9. 
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2. Statement of the main results 

2.1 Non-parameterized case 

Following P. Deligne [10], let us recall how Tannakian categories can be used to construct (non-parameterized) 
Picard-Vessiot extensions for systems of linear differential equations. For simplicity, we consider differential 
fields with only one derivation and we use a more common notation {K, d) instead of {K, K ■ d) a.s in Def- 
inition 3.1. So, let (K,d) be a differential field with a derivation d and the field of constants k := of 
characteristic zero. A system of linear 5-differential equations over K is the same as a finite-dimensional dif- 
ferential module M over the differential field (K, d). A Picard-Vessiot extension for M is a differential field 
extension {K, d) C (L, d) without new 5-constants such that there is a basis of horizontal vectors in L ®k M 
over L and L is generated by their coordinates in a basis of M over K (see also Definition 3.25). 

Definition 2. 1. A field k is existentially closed in a field F over k if, for any finitely generated subalgebra R 
in F over k, there exists a morphism of /c-algebras R ^ k (see [17, Proposition 3.1.1] for the equivalence with 
a more standard definition). 

Note that if F = k{X) for an irreducible variety X over k, then k is existentially closed in F if and only 
if the set of A;-rational points is Zariski dense in X. In particular, k is existentially closed in F in the following 
cases: 

- the field k is algebraically closed and F is any field over k; 

- the field k is pseudo algebraically closed and is algebraically closed in F; 

- the field F is a subfield in a purely transcendental extension of k; 

- the field F is real with k being real closed (in this case one applies the Artin-Lang homomorphism 
theorem, [6, Theorem 4.1.2]). 

Also, there is a range of non-trivial examples coming from various special geometrical considerations. In the 
case when K is real, k is real closed and the differential Galois group is GL„, the following result is also proved 
in [59] by explicit methods. 

Theorem 2.2. Suppose that k is existentially closed in K. Then, for any finite-dimensional differential module 
(M, Vjv/) over (K, d), there exists a Picard-Vessiot extension. 

The construction of a Picard-Vessiot extension is based on the theory of Tannakian categories (Section 9.2) 
and uses the following two results from [10]. 

Proposition 2.3. [10, Proof of CoroUaire 6.20] Let C be a Tannakian category over a field k such that C is 
tensor generated by one object and there is a fiber functor C — )■ Vect(K) for a field extension K D k. Then, 
there exists a finitely generated subalgebra R in K over k and a fiber functor C — Mod(i?). 

According to the notation of Section 9.2, {M)^ is a full subcategory in the category of all differential 
modules over {K, d) generated by subquotients of objects of type M*^™ (g) (M^)®*^. The following statement 
uses that char A; = 0, which implies that any algebraic group scheme over k is smooth. 

Proposition 2.4. [10, 9.5, 9.6] If there exists a fiber functor coq ■ {M)^ Vect(fc), then there exists a 
Picard-Vessiot extension for (M, Vm)- 
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Proof of Theorem 2.2. We put C := {M)^. By definition, the category C is tensor generated by the ob- 
ject (M, Vm)- Consider the fiber functor C — )• 'Vect{K) that forgets the differential structure on a differential 
module over {K, d). By Proposition 2.3, there exist a finitely generated subalgebra Rin K over k and a fiber 
functor a; : C — Mod(i?). Since k is existentially closed in K, there exists a homomorphism of A;-algebras 
i? — >• A;. As shown in [10, 1.9], for any object X in C, the i?-module uj{X) is finitely generated and projective. 
Hence, 

Wo : C Vect(/c), X i-^ k (^ruj{X) 
is a fiber functor on C. We conclude the proof by Proposition 2.4. □ 

The main goal of the present paper is to make a parameterized analogue of the above reasoning. As an 
application, we obtain a construction of a parameterized Picard-Vessiot extension in a range of cases when the 
constants are not differentially closed. 

2.2 Main results: parameterized case 

The following is a parameterized analogue of Theorem 2.2. We use notions and notation from Section 3. 

Theorem 2.5. Let {K,Dk) he a parameterized differential field (Definition 3.14) over a differential 
field {k, Dk) (Definition 3.1) with char k = 0. Suppose that there is a splitting (Definition 3. 15) of {K, Dk) 
over {k,Df^) such that {k,Dk) is relatively differentially closed in (^K, K ®k D}^ (Definition 3.11, Re- 
mark 3.16). 

Then, for any finite-dimensional differential module (Definition 3.19) over {K^D^jf^) (Definition 3.14), 
there exists a parameterized Picard-Vessiot extension (Definition 3.27). 

Remark 2.6. The existence of a PPV extension implies the existence of a parameterized differential Galois 
group, which is a linear differential algebraic group, together with the Galois correspondence (Section 8.1). 

Remark 2.7. According to our definition of a parameterized differential field, derivations from Dk do not act 
on the field K. Having the splitting D}^ from Theorem 2.5, we can replace the differential field {k, D^) with 

the differential field ^/c, Dj^ so that derivations from act on K (Remark 3.16). This allows us to consider 
LJfc-Hopf algebroids of type (A', H) over k and to produce an analogue of the proof of Theorem 2.2. 

Theorem 2.5 is proved in Section 7.1. The following result describes two rather broad cases when the 
hypotheses of Theorem 2.5 are satisfied. 

Theorem 2.8. Let {K, Dk) be a parameterized differential field over a differential field {k, Dk) with char k = 
0. Suppose that one of the following conditions is satisfied: 

(i) there exists a splitting Dk of {K, Dk) over {k, Dk) such that 

- the structure map Dk K ®k Dk induces an isomorphism between Dk and 1 ® Dk, 

- the field K is generated as a field by Kq := K^" and k, 

- the field ko := k^^ is existentially closed in Kq (Definition 2. 1 ); 

(ii) the field k is existentially closed in K and the map DK/k — ^ Derfc(K, K) is an isomorphism. 

Then the parameterized differential field (K, Dk) over {k, Dk) satisfies the hypotheses of Theorem 2.5. Thus, 
for any finite-dimensional differential module over {K, Dk /k)> there exists a PPV extension. 

Theorem 2.8 is proved in Section 7.2. 
Remark 2.9. 
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(i) In general, fields generated by two subfields may have a complicated structure. However, condition (i) 
in Theorem 2.8 implies that Kq (8)^^ k is a domain and K = Frac(i<ro ^fco k). Indeed, by Lemma 8.7, 
the differential algebra Kq (gj^^ k over {k, Dj^) is D^-simple, that is, contains no Df^-ideah, whence the 
morphism Kq d^ko k ^ K is injective, which yields the required statement. 

(ii) Condition (ii) in Theorem 2.8 is equivalent to requiring that k is existentially closed in K, dim/^(Dj^/;j) = 
tr. deg{K/k), and map the D^/i^ — Der(i^, K) is injective. 

Here is a series of examples that satisfy the hypothesis of Theorem 2.9. 

Example 2.10. Let the bai- over a field denote the algebraic closure. All fields K below are subfields in the 
algebraic closure of the field C(xi, . . . , Xm, ti, . . . , tn), all fields k below are subfields in the algebraic closure 
of the field C(ti, . . . , and except for (ii),(iii) we put 

DK:=K-d^, + ... + K-d^^+K-dt,+...+K-dt^, := k ■ dt, + . . . + k ■ dt„. 

We obtain Dj^/f. = K ■ dxi + . . . + K ■ dx,„ - In Examples (i), (ii), (v), (iii), and (iv), we put 

Dk:=k-dt,+... + k-dt„C Dk. 
The following parameterized differential fields {K, Dk) over (fc, D^) satisfy the hypotheses of Theorem 2.8: 

(i) if K = Frac (^Kq (g)^ A;^ , where Kq is a finite extension of Q(xi , . . . , Xm) and k is an algebraic extension 
of Q{ti, . . . ,tn), then {K, Dx) satisfies condition (i) with Ajq = Q being algebraically closed; 

(ii) if K = Frac (^Kq (g)^ k^ , where Kq is a finite extension of Q(xi, X2) and k is an algebraic extension of 
Q(ti, . . . , tn), then {K, Dk) satisfies condition (i) with 

Dk := K ■ {d^^ + X2dx2) + K ■ dt^ + . . . + K ■ dt„, DK/k = K ■ [d^^ + X2dx2), 

and with kQ = Q being algebraically closed; 

(iii) if K = k{xi, . . . , x^), where k is an algebraic extension of Q(ti, . . . ,tn) such that Q is algebraically 
closed in k, then {K, Dk) satisfies condition (i) with Kq = Q(xi, . . . , Xm), kQ = Q; 

(iv) if K = Frac {Kq (^k k), where Kq is a finite extension of . . . , Xm) such that Kq a real field, and k 
is an algebraic extension of . . . , t„) such that M is algebraically closed in k, then {K, Dk) satisfies 
condition (i) with /cq = M; 

(v) if K = Frac {Kq (giR A;), where Kq is a finite extension of M(xi, . . . , x^) such that Kq a real field, and 
k is an algebraic extension of M(ti, t2, ^3) such that R is algebraically closed in k, then {K, Dk) satisfies 
condition (i) with 

Dk := K-dx, + . . .+K-dx^+K-(tidt, + V2t2dt^ + V?,t^dt.^, Dk := k-(tidt, + V2t2dt^ + V?,hdt.^, 

and with kQ = M, [56, Remark 4.9]; 

(vi) if k is an algebraic closure of Q(ti, . . . , tn) and is a finite extension of /c(xi, . . . , Xm), then {K, Dk) 
satisfies condition (ii); 

(vii) if A; is a real closure of . . . ,tn) with respect to some ordering and K is a real finite extension of 
k{xi, . . . , Xm), then {K, Dk) satisfies condition (ii). 

3. Differential rings and jet rings 

We do not claim any originality of most of the definitions and constructions in this section, for example, see [29, 
Section 1.1], [3, §1], [10, 9.9], [28] for Section 3.2, see any standai^d reference about modules with connections 
for Section 3.4, see [8] for Section 3.5, [29, Section 1.2,1.3], [4, §2], [24, §16], [48, 49, 54] for Section 3.6 
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and Section 3.9, [29] for Section 3.7, and see any standard reference about the Lie derivative for Section 3.10. 
The definition of a differential object (Definition 3.35) generalizes the well-known notion of a stratification 
on a sheaf, [4]. Only the definition of a parameterized differential algebra (Definition 3.14) seems to be new. 
However, we have decided to fix the notation and notions concerning differential rings, differential modules over 
them, PPV extensions, and jet rings. Note that the more commonly used name for the notion from Definition 3.1 
is a Lie algebroid, but we use the term differential ring, which seems to be more standard in differential algebra. 
There is a direct generalization of differential rings as defined below from rings to schemes replacing modules 
by quasi-coherent sheaves. 

3.1 Notation 

First let us fix the notation that we use in the paper. 

- Given data D, we say that an object O associated with D is canonical if its construction does not depend 
on the choice of any additional structure on D (for example, the choice of a basis in a vector space). 
Usually, this implies that O is functorial in D in the reasonable sense. 

- All rings are assumed to be commutative and having a unit element. 

- Denote the category of sets by Sets. 

- Given a non-zero element / in a ring R, denote the localization of R over the multiplicative set formed by 
all natural powers of f by Rf. 

- Given two rings R and S, denote their tensor product over Z,hy R0 S. 

- Given a ring R and two i?-bimodules M and N, their tensor product is denoted by M A^, where M 
and A^ are considered with the right and left i?-module structures, respectively. 

- For rings R and S, denote the set of all derivations from R to S, that is, additive homomorphisms that 
satisfy the Leibniz rule, by Der(ii, S). If R and S are algebras over a ring k, denote the set of all K-linear 
derivations from i? to S by Der^iR, S). Note that Der(i?, S) and Dev^iR, S) have canonical 5-module 
structures. Also, Dev{R, R) and Dev^^{R, R) are Lie rings. 

- Given a ring homomorphism R ^ S and an i2-module M, denote the extension of scalars S ®ij M also 
by Ms- If only one i?-module structure on S is considered, we put the new scalars on the left in the tensor 
product, that is, we use the notation 5 M. If two i?-module structures on S are considered, then we 
usually refer to them as right and left and use the notations S 0r M and M S for the con^esponding 
extensions of scalars. 

- Given a ring homomorphism R ^ S and a morphism f : M ^ N of i?-modules, we denote by id^ (8)/, 
S 18) J? /, or fs the extension of scalars for / from R to S, that is, we have 

S^Rf : S^rM ^ S^rN or fs:Ms^Ns. 

- For a field K, denote the category of vector spaces over K by Vect(i^). Denote the full subcategory of 
finite-dimensional iC-vector spaces by Vect^5(i^). 

- For a ring R, denote the category of i?-modules by Mod(i?). Denote the full subcategory of finitely 
generated ii-modules by Mod^^ (R). 

- For a ring R, denote the category of i?-algebras by Alg{R). 

- For a Hopf algebra A over a ring R, denote the category of comodules over A by Comod(j4). Denote 
the full subcategory of comodules over A that are finitely generated as /^-modules by Comod'^^(yl). 

- For an affine group scheme G over a field k, denote the category of algebraic representations of G over k 
by Rep(G) (they correspond to comodules over a Hopf algebra). Denote the full subcategory of finite- 
dimensional representations of G over k by Rep-^f (G). 
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- Given a category C and objects X, Y in C, denote the set of morphisms from X to y by Homc(X, Y). 
PutEndc(X) := Romc{X,X). 

- Given exact sequences 

> X Y Z > > X Y' Z > 

in an abelian category, denote their Baer sum by Y +b Y' , that is, we have 

Y+^Y' = Ker(^ - -.Y ®Y' ^ Z)/Im(a ®-a' -.X^Y® Y'). 
3.2 Differential rings 

Definition 3.1. A differential ring is a triple {R,Dr,6r), where is a ring, Dr is a finitely generated 
projective iZ-module together with a Lie bracket [ • , • ] : Dr x Dr ^ Dr, and Or : Dr — Der(i?, R) is a 
morphism of both i?-modules and Lie rings such that, for all a G and 81,82 G Dr, we have 

[^1,0^2] - a[8i,82] = 0R{8i){a)82. 

For short, we usually omit Or in the notation. Thus, a differential ring is denoted just by {R, Dr), and 

8{a) ■.= 0R{8){a) a e R, 8 e Dr. 

Let i?^^ denote the subring of DR-constants, that is, the set of all a G i? such that for any 8 G Dr, we have 
8{a) = 0. 

Remark 3.2. In most of the situations that we have here, it is enough to consider differential rings {R, Dr) 
with Dr being a finitely generated free i?-module. 

Recall that for an R-mo6\x\& M, its second wedge power A^jM is the quotient of M (^r M over the 
submodule generated by all elements m ®m, where m G M. Given m,n ^ M, the image of m ® n under the 
natural map M ®r M — )• A^A/ is denoted by m A n. There is a canonical morphism of i?-modules 

a|.(M^) (a|.M)^ , pAqi-^{mAni-^ p{m)q{n) - p{n)q{m)} , 

where Af^ := Hom/j(M, ii). If M is finitely generated and projective, then a|jM is also finitely generated 
and projective and the above morphism a|j(M^) — > (A^Af ) is an isomorphism. 

Definition 3.3. For a differential ring {R, Dr), we put flR := Z)^ and define additive maps 

d: R ^ ^Ir, a i-^ {3 d{a)} 

d-.QR^AlnR, io^{8iA82^8i{u;{82))-82{oo{8i))-co{[8u82])} (1) 
for all a G i?, w G ^r and 81,82 G Dr. 

In the notation of Definition 3.3, for all a,h ^ R and a; G Q.r, we have 

d{ab) = adb + bda, d{auj) = a duj + da A u , and d(d(a)) = 0. 
Remark 3.4. The map d is well-defined for all wedge powers of Q.r, 

d : A'r^r A^^Qr, 

and this defines a dg-ring structure on A'j^Qr. Actually, to define a differential ring structure on R with Dr 
being a finitely generated projective i?-module is the same as to define a dg-ring structure on A'j^Qr^ with the 
natural product structure and grading, where, as above, Q,r = D^, [29, Remarques 1.1.9 b)]. Namely, given 
d, we put 8{a) := (da) (5) and we define the Lie bracket [81, 82] such that it satisfies the condition 

oj{[di,82]) = 8i{uj{82)) - 82iu;{8i)) - {du){8i A 82) 

for all a e R, 8,81,82 ^ Dr, and ui G 0,r. 



9 



Henri Gillet, Sergey Gorchinskiy and Alexey Ovchinnikov 



Example 3.5. 

(i) Let R be the coordinate ring of a smooth affine variety X over a field k and put Dr '■= T>eik{R, R). Then 
the pair {R, Dji) is a differential ring with O.ji, Aj^^R, and d being the modules of differential 1-, 2-forms 
on X, and the de Rham differential, respectively. 

(ii) Let di, . . . ,dn he formal symbols that denote commuting derivations from a ring R to itself (possibly, 
some of the di's correspond to the zero derivation). Then the pair {R, R ■ di (B ■ ■ ■ (B R ■ 5„) defines a 
differential ring. 

(iii) The data {K, K ■ {zdx + dy) + K ■ dz) with K := C(x, y, z) and natural 9k do not define a differential 
ring, because of the lack of a Lie bracket. 

(iv) Let be a finite-dimensional Lie algebra over a field K. Then {K, g) is a differential field with the zero 



(v) Let 5 be an embedding of rings and let Dn be a finitely generated projective i2-submodule and a 
Lie subring in the i?-module of all derivations d : S ^ S with d{R) C R. Let 0r : Dji — Dev{R, R) be 
defined by the restriction to R of derivations from S to itself. Then (R, Dr, Or) is a differential ring with, 
possibly, non-trivial kernel and image of Or. 

(vi) Let {R,A) be a Hopf algebroid (Section 9.1). Put I := Ker(e : A ^ R) and Or := I /P. Then 
the cosimplicial ring structure on the tensor powers of A as an i?-bimodule defines a dg-ring structure 
on A'fiQ.R. Explicitly, for any a ^ R, the element da E Qr = I jt^ is the class of r(a) — 1(a) G /. For 
any w G ^r, the element dcj E A^fi/j is defined as follows. Let a) G / be such that its class in Q.r equals 
w. One takes the class of the element 



in the quotient VLr ®r ^r and then one applies the canonical map Or ®r Or — a|jOr to obtain dw. 
By Remark 3.4, the dg-ring structure on O^ defines a differential ring (i?, Dr) with Dr = O)^. See more 
details about this example in [29, Proposition 1.2.8]. 

Note that, for any differential field {K, Dk) with char K = and injective Ok '■ Dk DeTc{K, K), there 
exists a commuting basis for Dk as shown in [35, p. 12, Proposition 6] and Proposition 3.18. However, we 
prefer not to choose such a basis and to give coordinate-free definitions and constructions. In particular, here is 
a definition of a morphism between differential rings. 

Definition 3.6. A morphism between differential rings (R, Dr) — )• {S, Ds) is a pair (93, ip^), where : R ^ 
5 is a ring homomorphism and : Or — )• O5 is an i?-linear map such that (/?^, commutes with d, that is, for 
all a G i2, (x) G Or, we have 



where we denote for short also by the i?-Unear map a|.Or — a|05 induced by The second condition, 
d((/j*(a;)) = (/?*(da;), is called the integrability . For short, we sometimes omit tp^ in the notation. A morphism 
is strict if the 5-linear morphism S CBr^r ^ O5 induced by ip^ is an isomorphism. 

Taking the dual modules, one obtains an explicit definition of a morphism between differential rings in 
terms of derivations. The pair {ip, ip^) from Definition 3.6 corresponds to a pair {ip>, D^p), where 99 : i? — )• 5 is 
a ring homomorphism and D^ : Ds — )■ S (Br Dr is a morphism of 5-modules. Sometimes we refer to D^ as 
a structure map associated with a morphism between differential rings. The first condition, d{ip{a)) = 99* (da), 
is equivalent to the equality 



Ok. 



Co 01- A(w) + l0Cj e I 0rI 



d((/9(a)) = (/?*(da) G 0^ and d{ip^{u})) = (/?*(da;) G a|05, 




(2) 
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for all a G i? and d G Ds, where D^{d) = J2i ® di with 6j G 5", 3j G Dji. The integrability condition is 
equivalent to the equality 

DAid^ ^]) = Y1 ^(^^■) ^^J-Yl ^(^^) ^di + Y, biCj ® (5,] (3) 

for all 0, 5 G where D^p{6) = Cj (8) (^j with Cj G 5, (5j G Dji. The moiphism ((^, ip^:) is strict if and 
only if is an isomorphism. 

Remark 3.7. 

(i) In the notation of Definition 3.6, assume the injectivity of the canonical map S Dji — Der(i?, S) 
induced by the ring homomorphism ip : R ^ S. Then it follows from (2) that the morphism D^p, as well 
as ip^, is unique if it exists. In particular, the above injectivity assumption holds if i? is a field and 9f( is 
injective. 

(ii) In the notation of Definition 3.6, it follows from (3) that the 5'-submodule Dg/ji := Kev{D^) in Ds is 
closed under the Lie bracket, that is, if D^{d) = D^p{5) = 0, then D^p{[d, S\) =0. Therefore, we obtain 
a differential ring (5, Ds/f>) with the map Dg^^ — )• Der(5, S) induced by 63- 

(iii) If {R, Or) and (5, ds) are two rings with derivations, then a morphism of differential rings 
{R,R-dR) — {S, S ■ ds) is given by a ring homomorphism ip : R ^ S and an element 6 G 5 such 
that for any a G i?, we have ds{(p{a)) = b ■ ip{dR{a)). Thus, up to rescaling, this is the usual definition of 
a morphism between differential rings with one derivation. 

Example 3.8. For a field k, consider the rings R := k[x, y, z], S := k[x, y], the modules 

Dr:= R-d^+R-dy+R- zd„ Ds:=S-d^ + S- Oy, 

and the ring homomorphism ip : R ^ S being the quotient by the ideal {z) C R. Then we have 

nR = R ■ dx + R ■ dy + R ■ (l/z) dz, = S ■ dx + S ■ dy. 

Given polynomials f\g ^ S, consider the morphism of i?-modules 

(p^ : Qr — > ^Is, dx I— dx, dy 1— dy, (l/z) dz ^ fdx + gdy. 

Then ((/?, cp^) satisfies (/?*(d(a)) = d((/7*(a)) for all a ^ R. Further, {ip, satisfies the integrability condition 
if and only if dyf = dxQ, because 

d((l/z)dz) = 0, d{^,{{l/z)dz)) = {-dyf + d.,g) ■ dx A dy. 
3.3 Differential algebras 

In the present paper, we consider several types of algebras over differential rings. The first type is the most 
general one. 

Definition 3.9. 

- Given a morphism of differential rings {R, Dr) — )• {S, Ds), we say that {S, Ds) is a differential algebra 
over {R, Dr). 

- A morphism between differential algebras over {R, Dr) is a morphism between differential rings that 
commutes with the given morphisms from {R, Dr). 

Definition 3.10. Given a differential ring {S, Ds) and a morphism of rings i? — ^ 5, we say that {S, Ds) is 
differentially finitely generated over R if there are finite subsets T, C S and A C Ds such that any element in 5 
can be represented as a polynomial with coefficients from lm{R — )• S) in elements of the form {di • . . . • (9„) a, 
where G A, a G S, and the product stands for the composition of derivations. 
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The following is a differential version of Definition 2. 1 . 

Definition 3.1 1. Let {k, Dk) — ^ {K, Dk) be a morphism between differential fields. We say that {k, Dk) is 
relatively differentially closed in {K, Dk) if, for any differential subalgebra {R, Dr) in (A', Dk) over (fc, D^) 
such that {R, Dr) is differentially finitely generated over k and the moiphism {R, Dr) — )• {K, Dk) is strict, 
there is a morphism {R, Dr) — {k, D^) of differential algebras over (/c, Dk)- 

The following type of algebras corresponds to the usual notion of a differential algebra. 
Dehnition 3.12. 

- Given a strict morphism of differential rings {R, Dr) — )• (5, Ds), we say that (5, Ds) is a D^-algebra 
over {R,Dr) (or simply over R). 

- Denote the category of D/j-algebras over (i?, Dr) by DAlg(i2, Dr). 

- If a D/j-algebra (5, Ds) over a differential ring (i?, Dr) is differentially finitely generated over R, then 
we say that S is DR-finitely generated over i?. 

- Denote the D/j-algebra freely D/j -generated over R by the finite set Ti, . . . , T„, that is, the ring of Dr- 
polynomials in the differential indeterminates Ti, . . . , T„, by 

R{Ti, . . . , Tn}. 

For short, we usually omit Ds in the notation of a D/j-algebra over R, because it is reconstructed by the 
isomorphism D^ : Ds S Dr. Given d G Dr and 6 G S", we put 

d{b) :=es{D-\i^d)){b). 

We have that S is Dij-finitely generated if and only if there is a finite subset S C 5 such that any element in 
S can be represented as a polynomial with coefficients from Im(i? — 5) in elements of the form {di . . . dn) a, 
where di G Dr, a G S. Equivalently, there is no smaller D/?-subalgebra over Rin S containing S. 

Definition 3.13. A D/j-algebra S over a differential ring {R, Dr) is of DR-finite presentation over R if there 
is an isomorphism of L>^-algebras over R 

S^R{Ti,...,Tn}/I, 

where / is a D/j-finitely generated ideal. 

The following type of algebras is needed to work with parameterized differential equations. 

Definition 3.14. A differential algebra (i?, Dr) over a differential field (fc, D^) is called parameterized if the 
structure map Dr R®k Dk is surjective and we have k = R^^/^, where DRjk is the kernel of the structure 
map. 

Given a parameterized differential algebra (i?, Dr) over (fc, Dk), one has the differential ring (i?, DRjk) 
(Remark 3.7(ii)). 

Definition 3.15. A splitting of a parameterized differential algebra {R, Dr) over a differential field (A;, Dk) 
is a finite-dimensional /c-subspace Dk in Dr closed under the Lie bracket on Dr such that the structure map 
Dr R ^k Dk induces a surjection Dk — )• Dk = 1 (8) Dk- 

Remark3. 16. Inthenotationof Definition 3. 15, put := ii(g)fcZ)/; and consider the differential field (ji,Dk^, 
where Dk — ?■ Der(fc, k) is defined as the the composition 

Dk^ Dk^DeT{k,k). 
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We obtain a commutative diagram of differential rings with the bottom horizontal morphism being strict: 

{k,Dk) > {R,Dr) 

{k,bk) > [r^DrY 

Example 3.17. 

(i) Let . . . dx,m, dt.i, ■ ■ ■ , be formal symbols that denote commuting derivations from a field K 

to itself and let k be the field of {dx,i, • • • , 9x,m}-constants. Denote the restriction of dt.i from if to A; by 
dt,i, 1 ^ i ^ n. Then {K, Dk) is a parameterized differential field over {k, Dj.) with 

Dk := K -dx,!® ...e K-dx,m ®K-dt,i®...®K- dt,n, Dk := k ■ dt,i e . . . ® k ■ dt,n, 

DK/k = K-dx,i®...®K- dx,n- 

(ii) Let (ji,Dk^ be a differential field and let Df^ be the image of the map 9^ : — )■ Der(/c,/c). 
Then (^k, D^^ is a parameterized differential field over {k, D^). 

Actually, Example 3.17(i) is quite general as the following statement shows. 

Proposition 3.18. Let {K,Dk) be a parameterized differential field over a differential field {k,Dk) with 
char A: = and injective Ok and 9^. Then we are in the case of Example 3. 1 7(i), that is, there exists a commuting 

basis ^dx,i, ■ ■ ■ dx,m, dt,i, . . . , 9t,n} ofDx over K such that 

Dk = k ■ dt,i + ... + k ■ dt,n, Dj^/k = K ■ da:,i + ... + K ■ dx,n where dt,i := du\k. 

Proof. We follow the idea of the proof of [35, p. 12, Proposition 6]. First, there are sets of formal variables {xa} 
and {ti^} such that K is an algebraic extension of the field k{{xa}) and k is an algebraic extension of the 
field Q{{tp}). Since char A; = 0, these algebraic extensions are separable, whence there ai"e uniquely defined 
commuting derivations {dx„} and {dt^ } from K to itself. Note that we have 

Devk{K, K) = Y[K-dx^, Bei{K, if) = K • J] K • 9f,. 

a a p 

In what follows, by a coordinate subspace in Der(if , K), we mean a product of some of (possibly, infinitely 
many) {K ■ d^J's and {K • 9t^)'s. 

Since 9k is injective, we can consider DK/k as if-subspaces in Y)evk{K, K) and Der(if, if), 

respectively. Let U C Derfc(if, K) be a maximal coordinate subspace such that U HDK/k = 0. Explicitly, U is 
spanned by some of dx^ 's in the sense of infinite products. Since Dk /k is a finite-dimensional A'-vector space, 
the composition 

DK/k ^ Derfc(if, K) ^ Derfc(if, K)/U 

is an isomorphism of if -vector spaces (finite-dimensionality of Dk /k is important here, because we allow U to 
be only a coordinate subspace in Derfc(if, if), not an arbitrary one). 

Further, let V C Der(if, if) be a maximal coordinate subspace such that V n Dk = and V D U. 
Explicitly, the basis of V in the sense of infinite products, as above, is obtained by adding some dt^ 's to the 
basis of U. Since 9k is injective, we have 

DK/k = Derfc(if, if ) n i)^ C Der(if, if). 
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Together with the finite-dimensionality of Dk over K, this implies that the composition 

Dk Der(K, K) V)ev{K, K)/V 

is an isomorphism of i^T-vector spaces. Denote this isomorphism by a. 
Let vr be the composition 

T)ei{K,K) ^T)ei{K,K)/V Dk- 
Since V n DeikiK, K) = U, we have the following commutative diagram with injective vertical maps 

DK/k > Bevk{K,K) > DeTk{K,K)/U 

Dk > Der(K,K) > Dei:{K,K)/V. 

Therefore, Tr{Devh{K, K)) C D^/k- 

Finally, consider the finite sets of all indices {oj} and {/3j} such that the corresponding derivations dx^. 
and c?t^ do not belong to V. Then the elements dx,i ■= iT{dai), ^t,j '■= '^{'^Pj) form a basis in Dk. Since the 
subspaces U and V are coordinate, this is a commuting basis, as required. □ 

3.4 Differential modules 

We define differential modules as follows. 

Definition 3.19. 

- A Dji-module over a differential ring {R,Df() (or simply over R) is a pair (M, Vm)> where M is an 
i?-module and Va/ : M — ® i? M is an additive map such that, for all a G i? and m G M, we have 

V M^am) = da (g) m + a • V M{rn) 

and the composition 

M ^r(^rM a|17/j«)/jM 

is zero, where V m ■ ®R M — )• Aj^^R ®r M is defined by 

Va/(w m) := duj m — to A Vj^i{m) 

for all m E M and to G ^r. 

- The condition Va/ o Va/ = is called the integrability. 

- We put M^R := Ker Va//. 

- A morphism between Dfj-modules ^ : (M, Va/) — >• (A^, Vat) is a morphism of i?-modules : M — > 
that commutes with V. For short, we sometimes omit Va/ in the notation. Denote the category of Dr- 
modules over R by DMod(i?, D^). Denote the full subcategory of D/j-modules over R that are finitely 
generated as i?-modules by DMod^5'(i?, Df(). 

Equivalently, a D/j-module over a differential ring {R, Dr) is a pair (M, pA//)> where M is an i?-module 
and pm '■ Dr — ^ Endz(M) is an i?-hnear morphism of Lie rings such that for all d G Dr, a e R, and m £ M, 
we have 

PM{d){am) = a ■ pM{d){m) + d{a) ■ m. 

Further, an i?-linear map ^' : M — )• is a morphism of differential modules if and only if, for all m £ M 
and d £ Dr, we have ^ {pM{d){m)) = PN{d) (^'(m)). We sometimes omit pM and use just d{m) to denote 
PM{d){m). 
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Remark 3.20. If M and Dr are finitely generated free i?-modules, then a choice of bases in Dr and M over R 
gives an equivalent definition of the D/j-module structure on M in terms of connection matrices. 

Definition 3.21. Given D/j-modules {M,V m) and {N, V n) over R, the D R-mo&vle structures on the tensor 
product M ®R N and on the internal Horn module Homij (M, A^) are defined by 

'^M(S)N{'m ^ n) -.= 171(8) VAr(n) + VM{m) (S)n e M 0rN ^Ir, 

VHom(M,7V)(^)M := VAr(^'(m)) - ^{VM{m)) G N Qr 

for all m G M, n £ N, and ^' G Hom/j(M, A^) (we omit clarifying permutations of multiples in tensor 
products of modules and write instead of ^' 0r id^^ to be short). 

Note that (M N,Vm®n) and (Homij(M, A^), VHom(A/,Af)) are well-defined as D/{-modules over R, 
namely, the integrabihty condition holds for them. The tensor product on D/^-modules defines a tensor category 
structure on DMod(i?, Dr) with the internal Hom object being defined as above (Section 9.2). 

Remark 3.22. A DR-a\gebra S over R is the same as an i?-algebra S with a DR-module structure V5 on S 
over i? such that the unit and multiplication maps are morphisms of D/j-modules over R. Given D^-algebras 
S and T, we obtain a D/j-algebra structure on 5" ®r T following Definition 3.21. 

The extension of scalars for differential modules is defined as follows. 

Definition 3.23. Let ip : {R,Dr) {S,Ds) be a moi-phism of differential rings and (M, Va/) be a 
Dfl-module over R. Then the extension of scalars of {M,V m) from {R,Dr) to {S,Ds) is the D^-module 
{Ms := S ^R M, Vms)> where, for all m £ M and a G S, we have: 

y Ms{a (Sim) := a - <^ idM)(VA/(?n,)) + da (g) m G J^s '^R M = f^s (8)5 M5. 
Equivalently, for all d G Ds, m G M, and a G 5, we have 

PMsi9){a m) := ^(a6j) ® pM{di){m) + d{a) ®m£ Ms 

i 

where Dyy{d) = hi di with bi £ S, di € Dr. Note that {Ms, VA/5) is well-defined as a D5-module over 
5, namely, the integrabihty condition holds for it. 

Example 3.24. In the notation of Example 3.8, consider the rank one i?-module M = R ■ e with the Dr- 
module sti^ucture over R defined by 

VM(e) := {l/z) dz (g) e. 

Then the pair (M5, VA/g), with 

VA./s(e) = dx (g) fe + dy (g) ge, 

satisfies the integrabihty condition if and only if dyf = dxQ, that is, if and only if ip^ satisfies the integrabihty 
condition. 

3.5 Parameterized Picard-Vessiot extensions 

First let us give the definition of a non-parameterized Picard-Vessiot extension in terms of differential fields as 
defined above. 

Definition 3.25. Let {K, Dk) be a differential field and M be a finite-dimensional Z^A^-module over K. A 
Picard-Vessiot extension for M, or, shortly, a PV extension for M, is a Z?/< -field {L, Dl) over K (in particulars 
we have a field extension K C L and Dl = L®k Dk) such that the following conditions are satisfied: 

(i) we have K'^'^ = L^^ ; 
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(ii) there is a basis {mi, . . . , m„} of Ml over L such that all the m^'s belong to (M/,)^^; 

(iii) there is no smaller Di^f-subfield over K in L containing the coordinates of the m^'s in a basis of M over 
K. 

In particular, the canonical morphism L ®k — ^ ^II is an isomorphism, where k := K^'^ = L^^. 

Example 3.26. Consider the differential field {K, g) with zero Ok, where 3 is a finite-dimensional Lie algebra 
over K. Let F be a finite-dimensional g-module over K, that is, F is a finite-dimensional representation of g 
over K. Let G be the smallest algebraic subgroup in GL{V) such that its Lie algebra contains the image of the 
representation map py : g — )■ g^l^). The field L of rational functions on G is a g-field over K: g acts on L by 
translation invariant vector fields on G through py. The g-field L is a Picard-Vessiot extension for V. 

Let {K, Dk) be a parameterized differential field over a differential field {k, D^) and let (L, Dl) be a Dk- 
field over K. Then we obtain a moiphism of differential fields {k, DjS) — )• (L, Dl) as the composition of the 
morphisms {k,Dk) — )■ {K,Dk) and {K,Dk) — {L,Dl). The isomorphism Dl — L ®k Dk induces an 
isomorphism 

DL/k - L0K Dk/U: 

where, as in Definition 3.14, Dl/u '■= Ker(Z)2. L ®k Dk)- Thus, (L, DL/k) is a D^/^-field over K. 

The following definition of a parameterized Picard-Vessiot extension essentially repeats the corresponding 
definition from [8]. 

Definition 3.27. Let {K, Dk) be a parameterized differential field over a differential field (fc, Dk) and M be 
a finite-dimensional D^^/^-module over K. 

— A parameterized Picard-Vessiot extension for M, or, shortly, a PPV extension for M, is a Dk- 
field (L, Dl) over K such that the following conditions are satisfied: 

(i) we have k'^k/u = 

(ii) there is a basis {mi, . . . , m„} of Mj^ over L such that all the m^'s belong to {Ml)^^/^, where Ml is 
a -DL/fc"module over the L>^/fc-field L (see the discussion before the definition); 

(iii) there is no smaller Z)i<: -subfield over K m L containing the coordinates of the m^'s in a basis of M 
over K. 

- A morphism between PPV extensions is an isomorphism between the corresponding L^i^ -fields over K. 
Let PPV(M) denote the category of all PPV extensions for M. 

Note that, in the notation of Definition 3.27, we have L-^i/*^ = k, that is, {L,Dl) is a parameterized 
differential field over (fc, Dk)- If char A; = and {k, Dk) is differentially closed, then all PPV extensions for a 
given Dx/fc"niodule are isomorphic, [8, Theorem 3.5] (see examples of PPV extensions therein). 

In the case of Example 3.17(i), Definition 3.27 becomes equivalent to the definition of a PPV extension as 
given in [8]. It makes sense to consider PPV extensions, because they lead to a reasonable Galois theory for 
integrable systems of differential equations with parameters. Namely, as shown in [8], a PPV extension defines 
a parameterized differential Galois group, which is a differential algebraic group over (fc, Dk) - In addition, there 
is a Galois correspondence between differential algebraic subgroups and PPV subextensions, see Section 8.1 
for the case when {k, Dk) is not necessarily differentially closed. To investigate the parameterized differential 
Galois theory, one also needs the notion of a PPV ring. 

Definition 3.28. Let {K,Dk) be a parameterized differential field over a differential field {k,Dk), M be 
a finite-dimensional Dk /k-^^dule. over K, and L be a PPV extension for M. Let rrii E Ml be as in Defini- 
tion 3.27. A parameterized Picard-Vessiot ring associated with L is a DA'-subalgebra in L generated by the 
coordinates aij of the m^'s in a basis of M over K and the inverse of the determinant 1/ det(aij). 
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3.6 Jet rings 

The proof of the main result, Theorem 2.5, requires an appropriate notion of a differential Tannakian category 
over a differential field that goes along with the notion of a differential module. Since it seems not possible to 
give a direct analogue of Definition 3.19 in a more general setting, one needs another approach to differential 
modules. Actually, D/j-modules over a differential ring {R, Dr) turn out to be comodules over a similar object 
to a Hopf algebroid, namely, the 2-jet ring (Definition 3.30). This approach has a natural version with R- 
modules replaced by other objects over R, e.g., Hopf algebras over R or abelian i?-Unear tensor categories. The 
latter leads to the notion of a differential object (Definition 3.35). 
Let [R, Dr) be a differential ring. 

Definition 3.29. A l-jet ring is the abelian group := i? © with the following commutative ring 
structure: 

a ■ b = ab, a ■ oj = aoj, and u ■ r] = 0, a £ R, uj,r] £ Qpi 
(recall that = D)^ ). 

Consider two ring homomorphisms l,r : R ^ given by 

l{a) := a and r(a) := a + da, a £ R. 

Thus, is an algebra over R^ R. Explicitly, for all a,b £ R and u £ ilfj, we have 

l{a) ■ {b + Lo) := ab + aco and {b + uj) ■ r (a) := ab + auj + b da. 

It follows that Qfj is an {R Cg) i?)-ideal in P^. The homomorphism r : R ^ P^ provides a canonical right 
i2-linear splitting P^ = R(B ^r, which differs from the left i2-linear splitting. It follows that P^ is a finitely 
generated projective i?-module with respect to both i?-module structures. 

Dehnition 3.30. A 2-jet ring P| is the subset in P^ i^r P^ that consists of aU elements 

aCgjl + l^oj + w^l — ?7, 

where a £ R, u £ Qr, and 7] £ Q,r ^r Q,r are such that du equals the image of r] under the natural map 
Qr iS)r ^r — )■ Ajjfi/j. Put Ir to be the set of elements in with a = 0. 

Remark 3.31. Note that according to our notation, the tensor product Pr<^S>r Pr involves both left and right 
P-module structures on P^. 

Example 3.32. Let {R, Dr) be as in Example 3.5 (i). Then = (P (g)fc P) where J is the kernel of the 
multiplication homomorphism P P — ^ P. If 2 is invertible in P, then P^ = (P (g)^ P)/J^, [4]. 

Let us list some important properties of the 2-jet ring. One can show that P| is an (P (g) P)-subalgebra in 
Pr ®r Pr with respect to the "external" P-modules structures. This defines two ring homomorphisms from P 
to P|, which we denote also by I and r. Explicitly, we have 

l{a) = a®l and r{a) = a(g)l + l(g)da + da(g)l. 



A:PI^P},®rPI (4) 



Denote the natural embedding by 
and put also 

e : Pr —^R, a + w I— a. 
Note that A and e are morphisms of algebras over P (g) P. Both compositions 

Pr^^Pr^rPr \ Pr 

id -e 
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coincide with the surjective morphism of {R (g) i?)-algebras 

Pr-^ Pr, (a (g) 1 + 1 (g) a; + w O 1 - 77) a + w. (5) 
The kernel of this homomorphism equals the kernel of the natural map 

Qr (g)/j Ar^Ir, 

which is, by definition, the second symmetric power Sym|j Qr of Qr. Since Sym^ Qr is a finitely generated 
projective i2-module, is a finitely generated projective i?-module with respect to both i?-module structures, 
being an extension of by Sym|j Qr. We also denote the map P^ — )• R defined as the composition — )• 
A by e. Exphcitly, we have 

e(a 0l + l0uj + uj^l — i]) = a. 

Thus, we have Ir = Ker(e). 

A morphism between differential rings ip : {R, Dr) — ^ {S, Ds) defines a homomorphism of (i? (g R)- 
algebras 

(P^ ■.= ^®ip,):Pk^Pl 
The integrability condition for ip is equivalent to the fact that the ring homomorphism 

P> : Pk ^R PA ^ Ps Pi 
sends P| to Pj. Indeed, for any element l(g)a; + c;j(g)l — 7?G P|,, the element 

(P^ (g)P^)(l (gXJ + W ® 1 - 7?) = 1 ® (p^{uj) + if^iuj) ip^{7]) 

belongs to P| if and only if d((^^.(ti;)) equals the image of ^p^,{r|) under the natural map 

®S A|f]s, 

while the latter coincides with ip^{dio). Thus, we obtain a morphism of (R (g) P)-algebras 

P2 : P| ^ P|. 

One can show that P^ commutes with the morphisms l,r, A, and e. 

Remark 3.33. Assume that 2 is invertible in P (in particular, char R ^ 2). Then there is a section 

t^jflR'-^ VIr®rVIr, U\I\UJ2^\^{oJ\®UJ2-'^2®^\) (6) 

of the natural quotient map ^r^rVIr — )• l\\flR and P|, is generated as a subring and a left (or right) submodule 
in P^ ®ij Pr by all elements of type 

(w) := l(gc<; + a;(g)l — do;, uj € JIr. 

In addition, Ir is generated by (w) for all w G ^r and Sym|j ri/j = Ir ■ Ir. 

3.7 Differential rings vs. Hopf algebroids 

Let us cite some relations between differential rings and Hopf algebroids from [29]. The content of this section 
is not needed for the rest of the text, but we have decided to include it for the convenience of the reader. 

Given a differential ring (P, Dr), we have defined a 2-jet ring P^ in Section 3.6. Actually, the construction 
depends only on the 2-truncated de Rham complex 

associated with (P, Dr) (Definition 3.3). 
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Conversely, let (i?, A^) satisfy the similar properties as (i?, P^) does. Namely, call a 2-truncated Hopf 
algebroid with divided powers a pair of rings (i?, A^^ {A^ is just a notation for a ring) together with the 
following data: two ring homomoiphisms l,r : R ^ A^, a morphism of {R ® i?)-algebras e : A^ ^ R,a map 
of sets 7 : / — where / := Ker(e), and a morphism of {R Cgi i?) -algebras 

A:A^^A^ 0rA\ 

where A^ := A'^/I^'^\ /[^^ :=/•/ + 7(1). We require that, for all a £ R, x,y £ I, we have 

7(ax) = a^7(x), 7(2; + y) = 7(2;) + xy + j{y), 
I ■ /[^l = 0, and the compositions 

A e®id 

A^ ' A^ A^ I A^ 

id ®e 

are equal to the canonical surjection — )• A^, where e also denotes the canonical morphism A^ — )• R. In 
particular-, for we put 

7(1 0u) + ujiS<)l — r]) := u CO. 

It follows that there is an antipode map A"^ — )• [A'^Y that satisfies the usual properties. An analogous construc- 
tion to the one from Example 3.5(vi) provides a 2-truncated de Rham complex associated with [R, A"^). This 
implies that the category of 2-truncated Hopf algebroids with divided powers is equivalent to the category of 
2-truncated de Rham complexes. 

Further, as shown in Remark 3.4, there is a way to construct a differential ring based on a 2-truncated de 
Rham complex with finitely generated projective O^j. The Jacobi identity for the Lie bracket is equivalent to 
the vanishing of the composition d o d : Qr — )• a|jO/j. This gives an auxiliary condition on the corresponding 
2-truncated Hopf algebroids with divided powers, which can be explicitly written in terms of a certain ring A^ 
(which is a 3-jet ring in the case of P^), [29, 1.3.5]. This condition is similar to the associativity condition 
for a Hopf algebroid (Section 9.1). It follows from [29, Proposition 1.2.8] that the category of 2-truncated 
Hopf algebroids with divided powers, with ///[^l being a flat i?-module, and with the associativity condition is 
equivalent to the category of 2-truncated de Rham complexes with il/j being a flat i?-module and with vanishing 
d o d : ilji — A^j^Qr. Also, the category of 2-truncated de Rham complexes with ^Ir being a finitely generated 
projective i2-module and with vanishing d o d : ^^r — )• A^Qr is equivalent to the category of differential rings. 

Recall that a. formal Hopf algebroid is defined similarly to a Hopf algebroid with A being a pro-object in the 
category of {R Cgi -R)-algebras. A formal Hopf algebroid (^R, A^ with divided powers on / = Ker(e : A ^ R) 

is complete if the natural map A — )• "^im"yl//W is an isomorphism. It follows from [29, Theoreme 1.3.6] 
that the category of 2-truncated Hopf algebroids with divided powers, with ///[^l being a flat i?-module and 
with the associativity condition is equivalent to the category of complete formal Hopf algebroids with divided 
powers and with ///[^l being a flat i?-module. 

In particular, the category of differential rings over Q is equivalent to the category of complete formal Hopf 
algebroids (^R,A^ with R being a Q-algebra and ///^ being a finitely generated projective i2-module. For 
example, if Dr = R ■ d and i? is a Q-algebra, then, for the con^esponding complete formal Hopf algebroid 
i^R, A^ , the ring A equals the ring of formal Taylor series R[[t\] and we have 

00 

l{a) = a, r{a) = ^d\a)/i\, and /\{t) = 1 ® t + t ® 1. 

i=0 

In other words, the formal Hopf algebroid (r,a] is given by the action of the formal additive group Ga 
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on Spec{R). 

It seems that in general formal Hopf algebroids that aie complete with respect to the usual powers /* 
correspond to iterative Hasse-Schmidt derivations on the differential side. 

Assume that all D/j-modules over R that are finitely generated over R are. projective i?-modules (for exam- 
ple, this holds if is a field). Then the category DMod^9(ii, Dr) is a Tannakian category with the forgetful 
fiber functor DMod^^ {R, Dr) — Mod(i?). It seems to be a non-trivial problem to give an explicit description 
of the corresponding Hopf algebroid {R, A) in terms of Dr, whose formal completion is the complete formal 
Hopf algebroid associated with (R, Dr). 

3.8 Differential objects 

The pair [R, P|) resembles a Hopf algebroid (Section 9. 1). The main difference with a Hopf algebroid is that A 
does not send to the tensor square of itself. However, one can define a comodule over (i?, P^) in the same 
way as one defines a comodule over a Hopf algebroid. In the present paper, we use a generalization of this 
notion. 

Let be a category cofibred over commutative rings, that is, for each commutative ring R, there is a 
category M.{R) and, given a ring homomorphism R ^ S, there is a functor 

S(g>R-:MiR)^M{S), 

called an extension of scalars, compatible with taking composition of ring homomorphisms (for more details, 
see [21]). 

Example 3.34. M. {R) can be the category of P-modules, P-algebras, Hopf algebras over R, Hopf algebroids 
over R, etc. 

We will now define differential objects, generalizing stratifications on sheaves from [4]. 
Definition 3.35. 

- A DR-object in M over (P, Dr) (or simply over R) is a pair (X, e^), where X is an object in J\4{R) 
and 

e\:X®RPl^ Pi ®R X 



is a morphism in the category M {Pr} such that the following two conditions are satisfied. First, we have 

R0p2 e\ = idx, 

where the P|-module structure on R is defined by the ring homomorphism e : — )■ R. Put 



{e\ := pi ®p2 e\) ■.X(^rP},^P\ ^r X, 



where the P^-module structure on Pp is given by the canonical surjection P^ — )• P^. The second condi- 
tion says that the composition of morphisms in A4 (P^ ®r P^) 

^X^pl {PR(S>RPk) {Pk^RPk)<»pi 

X (^R PA ®r Pk > Pk X ®R PA ^ PA ®i? Pr 5Dr X 



is equal to the extension of scalars 

{Pr^rPr) 

where the P^-module structure on P^ Or Pr is given by the ring homomorphism A. 

- The morphism is called a DR-structure on X. 

- A morphism between DR-objects in A4 over {R,Dr) is a morphism between objects in Ai{R) that 
commutes with e^. 
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Remark 3.36. Perhaps, a more conceptually proper way to define a differential object would also involve the 
3-jet ring to encode the associativity condition (Section 3.7), but the present definition will be enough for our 
purposes. However, all examples that arise in the paper satisfy the associativity condition. 

Definition 3.37. We say that a cofibred category Ai over rings has restrictions of scalars if for any ring 
homomorphism R ^ S, there is a functor J\4{S) — J\4{R), called a restriction of scalars, which is right 
adjoint to the extension of scalars. We usually denote the value of the restriction of scalars functor in the same 
way as its argument. 

Thus, for all objects X in M{R) and Y in M{S), there is a functorial isomorphism 

Hom^(R)(X,y) ^ YioiT,M(S){S®RX,Y). 

Also, the restriction of scalars defines an object 5 ®r X in M{R), which is functorial in S and X: given a 
homomorphism of i?-algebras ip : S ^ T and a morphism f : X ^ Y in A4{R), we have the morphism 
in M{R) 

if® f : S^rX ^T(^rY. 
In particular-, we have a canonical morphism X ^ S 0r XinA4 (R) given by the ring homomorphism R ^ S. 

Example 3.38. The cofibred categories of modules and algebras have restrictions of scalars, while the cofibred 
categories of Hopf algebras and Hopf algebroids do not have restrictions of scalars. 

Given an object X in M.{R), by r (P^ ®r X), denote the object in M.{R) defined as follows: first one 
takes the extension of scalars ®r X with respect to the right morphism r : R ^ and then applies the 
restriction of scalars with respect to the left morphism I : R ^ P^. The proof of the following proposition is a 
direct application of the adjointness between the extension and restriction of scalars. 

Proposition 3.39. Suppose that a cofibred category A4 over rings ttas restrictions of scalars. Ttien a 
DR-object in M over {R,Dr) is ttie same as a pair (X, (^^), wtiere X is an object in Ai{R) and 
4)\ : X ^ r{Pr 0r. X) is a morptiism in M{R) such that 

(e ® idx) o4)\ = idx 
and the following diagram commutes in M{R): 



X 



fx 



A(g)idx 



idp ( 



> r{Pr^rPr'S)rX), 



where (p^ is the composition of 4>\ with the morphism r{Pr ®r X^ 
In Section 4.3 we use the following statement. 



r{Pr®R 



Proposition 3.40. Suppose that a cofibred category A4 over rings has restrictions of scalars. Then, for any 
DR-object X in M over R, the morphism in A4 {Pr) is an isomorphism. 

Proof. The proof is similar to that for a Hopf algebra or a Hopf algebroid. The idea is that [R, Pj^) corepresents 
a groupoid in the category of i?-algebras with a two-step filtration, where the filtration on P^ is given by 
P^ D 0,R. More precisely, put 



Pk' 



^r 



PR:={PR®RPR)/{nR^RnR), t:P}^^ {Pj^y, a + oj^a- 
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where, as in Section 9. 1, the superscript s denotes the interchange of the left and right /^-module structures. The 
homomorphism A : — >• 0ji induces a homomorphism P^ — )• P^ P^, which we denote also by 
A. 

Let us construct explicitly an inverse to e^. Denote by ip the composition in J^{R) 

We shall prove that e\ o ip equals the morphism X — (P^ ®r X) given by the ring homomorphism r : 
R P^. This would imply that is inverse to the morphism in Ai (Pr) from Pj^ X to X d^ji P^ that 
corresponds by adjunction to ip, thus, is an isomorphism. 

By the adjunction relation between e and (f), the composition 

is equal to the composition 

R{Ph<^RX) R{PkKPk<^RX) ^^^^^^^ {Pk^RX)^. 

Since X is a L^/j-object, we have 

(A (g) idx) o<p\ = (idp ®(l?x) o 0^ : X ^ ^(P^ ®r Pk ®r X). 
Applying the ring homomorphism Pk ®r Pk ~^ Pk ®k ^k' obtain that both compositions 

X^^R{Pk®RX)^^^^n{Pk<Pk^RX) 

A&dx 

are the same. Further, as for Hopf algebroids, we have 



{i ■ idp) oA = roe:Pk^Pl 



where we consider A : Pk — )• Pk^kPk- Finally, the composition eocf)^^ : X — X is the identity. All together, 
this implies the needed statement about e\ o t/j. □ 

Remark 3.41. It is not clear whether the morphism (p'j^ must be an isomorphism in the general case. 

3.9 Examples of differential objects 

Definition 3.35 is motivated by the following statement. 

Proposition 3.42. Given an R-module M, a Dji-module structure on M over R is ttte same as a Dji-structure 
on M as an object in the cofibred category of modules. 

Proof. The cofibred category of modules has restrictions of scalars. Hence, by Proposition 3.39, a Dp-structure 
on M as an object in the cofibred category of modules is given by an ii-linear morphism 

01, :M^p(p2^pM) 

that satisfies the conditions therein. 

Assume that V^/ is a Dp-module structure on M. Consider the map 

: M ^ Pk®RM, mh-^ l(8)m- VA/(m). (7) 

The Leibniz rule for Vm is equivalent to the left i?-linearity of 4>\^. Also, we have {e^idM) ° 4>\i = idM- 
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Note that the cokernel of the injective map A : — > Pj^ is a projective i?-module, being an 

extension of by A^Oij. Therefore, the map 

A ® idA/ : Pr^rM ^ P}^ ®r Pj^ (g>R M 

is injective. The integrability condition for Vj\/ is equivalent to the fact that the image of the composition 

M P}^(^rM ^ P}^®rP}i®rM 

is contained in (^^r M. To see this, take any m ^ M and set VM{rn) = ^ "^j' where S Qr, 

rrii G M. Then the element 

(id (8)(/>m) ((Ai/l^i)) = (id 0(I)m) ^1 (g) m - ^ c^j m,^ = 

= 1 (g) 1 (g) m — 1 (g) (8) mj — (g) 1 (g) mj + (g) VA/(?7ij) 

ill 

belongs to P|, M if and only if 

^ dwi (g) mi = ^ A VM(mi) G ArQr 0r M. 
i i 

Finally, put 



to be the obtained map from M to P| ^r M. 

Conversely, assume that is a D/j-structure on Then the formula 

Vjvf ("i) := 1 (g m - (t)\[{m) 

defines a D/^-module structure on M over i?. □ 

Example 3.43. 

(i) A Dij-object over R in the cofibred category of algebras is the same as a D^-algebra over R. 

(ii) A D/j-Hopf algebra over is a Hopf algebra A over R such that ^ is a L>^-algebra over R and the 
coproduct, the counit, and the antipode maps are morphisms of D^^-algebras. 

(iii) Given a differential ring (k, -Dk), a D^-Hopf algebroid over k is a Hopf algebroid (i?, A) over k such that 
R and A are D^-algebras over k and (/, r, A, e, z) ai^e morphisms of D^-algebras over k. 

Here is an appUcation of this approach to differential structures. 

Proposition 3.44. Let A he a DR-algebra over R such that A is also a Hopf algebra over R. Suppose that the 
coproduct map is a morphism of D R-algehras over R. Then the counit and antipode maps are also morphisms 
of DR-algebras over R, that is, A is a DR-Hopf algebra over R. 

Proof. Since the coproduct map is differential, the moiphism 

e\: P^^rA^ A^R P| 

commutes with the coproduct maps in the corresponding Hopf algebras P^ 0r A and A ®r P^ over Pr. 
Therefore, it commutes with the counit and the antipode maps (for example, see [67, Section 2.1]). □ 

In Section 4.2 we use the following statement. 
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Lemma 3.45. Let {R, A) be a D^^-Hopf algebroid over a differential ring (k, D^). Then the composition of the 
isomorphisms of abelian groups 

is an isomorphism of R-bimodules. 

Proof. Let ip : R ^ A denote the left homomorphism. The left i?-module structure on A ^r P| corresponds 
to the i2-module structure on P^ given by the composition 

R^A^Pl 

The left i?-module structure on P^^rA corresponds to the i?-module structure on P| given by the composition 

R^P'n^Pl 

Since 99 is a morphism of differential rings, P^ is a morphism of i?-bimodules. In particular, the compositions 
above coincide. Therefore, the left i?-modules structures on A ^r P^ and P^ A are the same. The proof 
for the right i?-module structures in analogous. □ 

3.10 Lie derivative 

In Section 5, we use the Lie derivatives defined on jet rings. Let {R, Dr) be a differential ring. 

Definition 3.46. A weak Dfj-module is an i?-module M together with a morphism of Lie rings pM '■ Dr 
Endz(M) that satisfies the Leibniz rule with respect to the multiplication by scalai^s from R (thus, a D/j-module 
is a weak D/?-module such that pM is i?-linear). Moiphisms between weak D/?-modules are defined similarly 
to morphisms between D/j-modules. As with differential modules, we sometimes omit p^/ and use just d{m) 
to denote pM{d){m). 

Remark 3.47. As in Definition 3.21, given two weak D/j-modules, one can show that the Leibniz rule defines 
a weak D^-structure on their tensor product. 

Definition 3.48. Given d G Dr and oj G ftR, define the Lie derivative as follows: 

Laioj) := d{uj{d)) + {doj){d A -) G Qr, 
where {duj){d A — ) denotes the element in = D"^ that sends any 6 G Dr to {duj){d A 6). 

The notation Lq{uj) instead of d{uj) avoids confusing the Lie derivative with the result of the pairing be- 
tween Dr and Q.r. It follows from the definition of dto that for any ^ G Dr, we have 

L9{com = d{uj{0)-u,{[d,C]). (8) 

Also, one can show that for any a G .R, we have 

Ladi^) — (^^di^) + <^(9)da. (9) 

The Lie derivative defines a weak L'^^-structure on Ur. By linearity, we obtain a weak D/j-structure on 

Pj^^R® ^r: 

d{a + uj) := d{a) + Lg{uj), a G i?, a; G ^Ir , d G Dr. 
It follows that r : R ^ P^ is a morphism of weak DR-modu\es. Since d{d{a)) = La(da) for all a ^ R, 
d ^ Dr, we have that I : R ^ P^ is a morphism of weak D/j-modules. The Leibniz rule for Lq on ^}r implies 
that the multiplication morphism P^ ^r P^ — P^ is also a morphism of weak D/f -modules. 

Remark 3.49. By the Leibniz rule, the Lie derivative extends to a weak D/j-structure on a'^Q.r, which we also 
denote by Lg. One can show that Lq commutes with the map d : ^}r — >■ A^Ur. This implies that the subring 
P| C Pr ®r Pr is preserved under the action of Dr via the weak DR-module structure on P^ ®r P^. 
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4. Differential categories 
4.1 Extension of scalars for abelian tensor categories 

Our aim is to apply Definition 3.35 of a differential object with X being an abelian i?-linear tensor category. 
For this, we need to use extension of scalai^s for such categories associated with homomorphisms of rings. Let 
us briefly describe this. See more details, for example, in [12, p. 155], [44, p.407], and more recent papers [18] 
and [61]. 

We use the terminology from Section 9.2. We fix a commutative ring R, a commutative ii-algebra S, and 
an abelian i?-lineai- tensor category C. According to our definitions, this means that, in particular, the tensor 
product in C is right-exact and i?-linear in both arguments. 

Definition 4. 1 . The extension of scalars of C from R to S is an abelian 5-linear tensor category S 0r C 
together with a right-exact i?-linear tensor functor 

S0R - -.C ^ S^rC 

which is universal from the left among all such data, that is, for any abelian 5'-hnear tensor category V, taking 
the composition with S — defines an equivalence of categories: 

Fui/f{S (S)rC,V) ^ Fun'jfiCV), Fo{S^r-), 

where Fun^® denotes the category of right-exact 5-lineai- tensor functors (similarly, for Fun^®). 

We usually denote the extension of scalars just by S iSSir C (keeping in mind that we also fix the functor 
S 0R — ). Let us describe some general properties of the extension of scalars for categories. First, consider a 
homomorphism of i?-algebras 5* — )• T and assume that the extensions of scalars S ®r C and T (8)5 (S iSir C) 
exist. Then T (8)5 (5 ^r_ C) is equivalent to the extension of scalars T 0r C. 

Further, the category 5 0r C is functorial in S and C in the following way. Let : 5 — )• T be a homomor- 
phism of i?-algebras, V be an abelian i?-linear tensor category, and let F : C — )■ 2? be a right-exact i?-linear 
tensor functor. Assume that both S 0r C and T^rV exist. Then we obtain a right-exact S'-linear tensor functor 

ip(g> F : S (g>RC -^T (g>RV 

defined by the universal property of S 0r, C applied to the right-exact i?-linear tensor functor 

C-^V T^rV. 

The assignment F 1— > (g) F is functorial in F. If -0 : F — [/ is a homomorphism of i?-algebras, S is an abelian 
i?-linear tensor category, G : P — > <S is a right-exact i?-linear tensor functor, and U ®i? £ exists, then there is a 
canonical isomorphism between tensor functors: 

{ip G) o {if (g, F) ^ {iP o if) (g, {G o F). 

Sometimes, we also denote ids ®F by S (^r F. Also, we have that cp (g idc = S (g>R — for tp : R ^ S. We 
hope that this coincidence will not make any confusion. 

In Definition 4.9 we will need a slight generalization of the previous functor <p ® F. Namely, let 

R > S 

v 

U > T 

be a commutative diagram of rings, V be an abelian [/-linear- tensor category, and let F : C — >■ P be a right- 
exact i?-lineai- tensor functor. Assume that both S ®r C and T ®[/ V exist. Then, similarly as above, we obtain 
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a right-exact S'-linear tensor functor 

Lp®F : S®rC ^T®uV 

If {S ®R U) ®u T> exists, then we have 

{^®F){X) = T®(^s®^u)F{X). (10) 

The following important result is proved in [61, Theorem 1.4.1] (see also [12, p.l55] and [44, p.407]). 

Theorem 4.2. Let C be a Tannakian category over a field k and k C K be a field extension. Then there exists 
the extension of scalars K ®kC. 

Further, recall that an S -module in C is a pair {X, ax), where X is an object in C and 

ax -.S ^ Endc(X) 

is a homomorphism of i?-algebras. Morphisms between 5'-modules in C are naturally defined. Given an R- 
module M and an object X in C, define 

M^rX 

to be an object in C such that there is a functorial isomorphism of i?-modules 

Romc{M 0rX,Y) ^ RomR{M,Romc{X,Y)). (11) 

The object M ^r X is well-defined up to a unique isomorphism if it exists. If an i?-module M is of finite 
presentation, that is, there is a right-exact sequence of /2-modules 

^em j^en ^ ^ 0, 

then, M iS>r X exists for any X. By (11), for an S'-module {X, ax) in C, the homomorphism ax defines a 
morphism 

ax ■■ S (^rX ^ X. 

The following result is extensively used in what follows. Its proof can be found in [10, 5.1 1], where an equivalent 
approach to the extension of scalars for categories is used (see also [61] and [18]). 

Proposition 4.3. Let C be an abelian R-linear tensor category. Suppose that S is of finite presentation as an 
R-module. Then the abelian S-linear tensor category of S-modules in C is equivalent to the extension of scalars 
S ^R C and the functor S (^r — sends X to S (^r X. 

Example 4.4. If S is of finite presentation as an i?-module, then the extension of scalars category S ^r 
]V[od(i?) is equivalent to the category ]V[od(S') and the functor S ^r — coincides with the usual tensor 
product functor. 

Example 4.5. Let M be an i?-module of finite presentation. Put 5 := i? © M, where an i?-algebra structure 
on S is uniquely defined by the condition M ■ M = 0. An S-module in C is the same as an exact sequence 

^ X' ^ X ^ X" ^ 

together with a morphism 

fx:M®RX" ^X'. 

Namely, with an S-module (X, ax), we associate X' := M ■ X and X" := X/{M ■ X), where M ■ X is the 
image of the morphism 

ax ■■ M 0rX X. 
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If 5'-modules {X, ax) and (Y, ay) correspond to the data 

^ X' ^ X ^ X" ^ 0, fx ■■ M ®rX" ^ X'- ^ y' ^ y ^ y" ^ o, /y-.m^r y" y\ 

then their tensor product {X, ax) ® [Y, ay) in S ®r C is defined as the cokernel of the moiphism 

bx fS) idy - idx <S)bY : M (g) r {X (g) Y) X (g) Y, 
where bx is defined as the composition 

M(g)RX > M(g)RX" X' > X 

and similarly for by. In particular, if the tensor product in C is exact in both arguments and the morphisms fx, 
fy are isomorphisms, then (see also [32, 5.1.3]) the tensor product {X, ax)® (Y, ay) corresponds to the Baer 
sum of the exact sequences 

0^ M(^r{x"®y") x^y" ^ x"®y" ^0, o^x"®(M®ijy") ^x"®y^x"®y"^o. 

4.2 Differential abelian tensor categories 

Throughout this subsection, we fix a differential ring {R, Dr). We use constructions from Sections 3.8 and 4.1. 
Recall that the jet rings P^, P^, and Pj^ ®r (Definition 3.30) are finitely generated projective i?-modules 
with respect to both left and right P-module structures. Hence, they are of finite presentation as i?-modules and 
there is an extension of scalars from R to for abelian tensor categories (Definition 4.1 and Proposition 4.3). 
Consequently, Definition 3.35 gives the notion of a D/j-object over R in the cofibred 2-category of abelian 
tensor categories, or a DR-category over R for short. Here "morphisms" between tensor categories are tensor 
functors. The main difference with the case of a usual cofibred category as in Definition 3.35 is that instead of 
considering equalities between morphisms one should fix isomorphisms between tensor functors. 

Further, there are also restrictions of scalars between P^ and R for abelian tensor categories (this follows 
from the definition of the extension of scalars for categories. Definition 4. 1). Proposition 3.39 remains valid in 
the case of a cofibred 2-category instead of a cofibred (l-)category. Thus, one has an equivalent definition of 
a D/j-category over R in terms of <^'s instead of e's. We prefer to use the definition in terms of (^'s. Note that 
Definitions 4.6 and 4.9 below have a more explicit equivalent form, see Section 4.3. Also, compai^e with [18, 
Example 12], where the case of the coaction of a Hopf algebra on a category is considered. 

Similarly to Section 3.8, r{Pr ®r C) denotes the abelian tensor category P^ (^r C considered with the 
P-linear structure obtained by the left ring homomorphism I : R ^ P^. 

Definition 4.6. A DR-category over (P, Dr) (or simply over R) is a collection (C, c/)^, $c> *c)> where C is 
an abelian P-linear tensor category, 

4>l:C^ r{pI®rC) 

is a right-exact P-linear tensor functor, 

<I>C : (e ® idc) o 0^ ^ idc 

is an isomorphism between tensor functors from C to itself (recall that e : P^ — )• P is a ring homomorphism), 
and 

^'c : (A (g) idc) ° (Pc (idpi <8)0c) ° ^Pc 

is an isomorphism between tensor functors from C to P^ ®r P^ ®rC, where (pj, is the composition of (f)^ with 
the functor P^ ®)r C Pp ®)r C. For short, we usually denote a D^j-category (C, 0^, <I>c, ^'c) just by C. We 
call the collection (^(j)^, $C) ^c) a DR-structure on C. 

In other words, is an isomorphism between the composition 

c PI®rC ^ c 
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and the identity functor from C to itself, while the isomorphism makes the following diagram of categories 
to commute: 



A® idc 



Example 4.7. The category Mod(i?) of i?-modules has a canonical D/j-structure given by the composition 
of i?-linear tensor functors (see also Example 4.4) 

Mod(ii) RMod{P^) ^ R{P^0RMod{R)). 

Explicitly, for an i?-module M, we put 

cPliM) :=((M®^P|)^,a) 

in P| 'S>R Mod{R), where 

a : P| ^ Endn (M P|) 
is the natural homomorphism. In other words, c/yj^^M) is the Atiyah extension of M (see also Proposition 4.15 
and Remark 4.16 (i)). 

Example 4.8. The K-linear category Comod(i?, ^4) of comodules over a D^-Hopf algebroid (i?, A) over a 
differential ring (k, L)^) (Example 3.43(iii)) has a canonical D^-structure given by the composition of K-linear 
tensor functors 

Comod(i?, A) ~®"'^'> « Comod {R (^nPl,A ®^ P'^) ^ 
, Comod (P2 p2 A) ^ , (P2 ®^ Comod(/2, ^)) . 

Explicitly, given a comodule M over A, we define an A-comodule structure on (j)'j^{M) as the composition 

0|j(M) ^ (/.|j(M A) = {M(^nA 0r P^) ^ ^ (M ®r P| A)^ = (4(M) ®ij A)^ , 

where the non-trivial isomorphism in the middle is defined as in Lemma 3.45. Thus, the functor c/)^ extends to a 
D^-structure on the category Comod(i?, A). If one does an explicit calculation in the case when (k, D^) is a 
differential field with one derivation, R = k, and ^ is a D^-Hopf algebra over k, then one recovers the formula 
from [50, Theorem 1]. 

We will define differential functors now. 
Definition 4.9. 

- Let 99 : {R, Dr) — )• (5, Ds) be a morphism of differential rings, C be a D/j-category over R, and let V 
be a Dg-category over 5. A dijferential functor from C to P is a pair {F^Hp), where F : C — >• P is a 
right-exact i?-linear tensor functor and 

is a isomorphism between tensor functors from C to P| (g)^ 2? such that <I>c commutes with <l>x' via 
and ^'c commutes with '^x> via IIf- For short, we usually denote a differential functor (F, Hi?) just by F. 
We call Ilir a dijferential structure on F. 

- A morphism between differential functors is a morphism between tensor functors $ : F — )• G that com- 
mutes with the n's. 

- Denote the category of differential functors from C to P by Fun^(C, P). 
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In other words, the isomorphism 11^? makes the following diagram of categories to commute: 

C V 



Example 4.10. 



(i) Given a morphism of differential rings {R, Dji) — )• [S, Ds), the extension of scalars functor 

S(^R-: M.od{R) Mod(5) 

is canonically a differential functor. 

(ii) Given a D^-Hopf algebroid {R, A) over a differential ring (k, -Dk), the forgetful functor 

Comod(i?, yl) ^ Mod(i?) 

is canonically a differential functor, where we consider the D/?-structure on Mod(i?) with 
Dr := D^. 

(iii) Given a D^-Hopf algebroid {R, A) over a differential ring (k, D,^) and a morphism of D^-algebras R — )• 
S, the extension of scalars functor 

S^R- : Comod(i2, A) Comod(5', sAs) 

is canonically a differential functor. 

The following statement is needed in the proof of Theorem 5.5. 

Lemma 4. 11. Let C, V, and £ he D R-categories, F : C ^ V be a functor, and G : V ^ £ be a fully faithful 
differential functor Then there is a bijection between differential structures on F and G o F. 

Proof. If F is a differential functor, then G o F is also a differential functor, being a composition of differential 
functors. Conversely, suppose that G o F is a differential functor. Consider the diagram of categories: 

C — ^ V £ 



Pr^rC — — > P^^rV — > PI®r£. 
Since G o F is a differential functor, we obtain an isomorphism between tensor functors 

idp2 (g)G) o (idp2 (g)F ) o ^ o G o F. 



R / \ ^ R 

Further, since G is a differential functor, we obtain an isomorphism between tensor functors 

(ploGoF ^ (^idp2 og) o(j)loF. 
Taking the composition, we obtain an isomorphism between tensor functors 

idp2 ®G^ o ^idp2 ®F^ o (p^ ^ (^idp2 ®G^ o (/)|, o F. 

Since G is fully faithful, the functor idp2 (g)G is also fully faithful. Therefore, we obtain an isomorphism 
between tensor functors 

lip : (^idp2 0F^ o 4>l ^ 4>'^o F. 
It follows that this defines indeed a differential structure on F. □ 
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We also use extensions of scalars for differential categories in the proof of Theorem 5.5. 

Proposition 4. 12. Let -. {R, D^^) — ^ {S, Ds) bea morphism between differential rings, Cbea Dfi-category 
over R, and suppose that the extension of scalars category S C exists (Definition 4. 1 ). 

(i) There is a canonical Ds-structure on S C such that the functor 

S (S)R- :C S (S)rC 

is canonically a differential functor 

(ii) Let V be a Dg-category over S. Then taking the composition with S (^r — defines an equivalence of 
categories: 

Funf (5 0rC,P) ^Fung(C,P), F ^ F o {S (S,r -). 
Proof. To prove (i) define the functor 

W ■.S(^rC^pI ®s {S ^r C) ^ Pi ^R c 
by the universal property of S ®rC applied to the right-exact ii-linear tensor functor 

C^P^^rC ^ PI^E^rC. 

This also defines a differential structure on the functor S ^r —. To prove (ii) one applies directly the universal 
property of S (E)r C. □ 

Remark 4.13. 

(i) Applying Proposition 4.12 to C = Mod(i?), we obtain that the canonical functor S (Xir Mod(i?) — 
Mod(5) is a differential functor between Dg-categories (Example 4.7), provided that S ®r M.od{R) 
exists. 

(ii) Given D/j-categories C and V over R and a differential functor F : C ^ V, the functor S ®/j F : 
S0rC — )• 5(8) r V is canonically a differential functor between Z^s'-categories over S provided that S^rC 
and S (S^rV exist. 

(iii) Both Definition 3.23 and the construction from Proposition 4.12(i) are particular cases of extensions of 
scalars for differential objects. 

4.3 Definitions in the explicit form 

The following technical result provides an explicit information about objects of type (p'^{X), where X is an 
object in a Dij-category C. Recall that we have a decreasing filtration by ideals in P| (see Definition 3.30 
for Ir) 

P^ D iRDSymlQRDO 

and canonical isomorphisms 

P^Ir ^ R, Ir/ Syml Qr ^ Qr. 

Lemma 4. 14. Let C be a DR-category over R. Then, for any object X in C, there are functorial isomorphisms 
(see Section 4. 1 forilR Cgi/j X ): 

4{X)/Ir-4{X) ^ X, lR-4{X)/Sym%nR-4{X) ^ ^r^rX, SymlnR-4{X) ^ SymlQR^RX. 
Proof. The isomorphism $c yields the first isomorphism, because 

(e ® idc) = 4i^)/lR ■ (^{X). 
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Hence, the P^-module structure on (/'^(X) defines surjective morphisms 



where we use that 



Ir ■ 4{X)/ Syml Qr ■ 4iX), Sym| Qr (g)R X 



Ir- IrC Symj^ and Ir ■ Sym^j ^Ir = 0. 



Sym| Qr 



Let us prove that a is injective and, thus, it is an isomorphism. By the definition of (p^ (Definition 4.6), we have 

4iX)^4iX)/SymlnR-4>l{X). 
Thus, we need to show that the corresponding morphism 

nji(g)RX ^4{x) 

is injective (see also Example 4.5). 

By Proposition 4.3, the right-exact i?-linear tensor functor c. 



P^-linear tensor functor 



C r{Pr<S)rC) defines a right-exact 



ey.C^RPk^ Ph<^S)RC 
such that for any object X in C, we have a functorial isomorphism 



= 4{X' 



Further, the proof of Proposition 3 .40 remains valid in the case of a cofibred 2-category instead of a cofibred 
(l-)category. Thus, is an equivalence of categories and, in particular, is exact. On the other hand, since <I>c 
is an isomorphism, we have an isomorphism of tensor functors R ®pi ei = idc from C to itself, where we 

Ft 

consider the ring homomorphism e : — )• R. Explicitly, this means that for a P^-module y in C such that 
Qr acts trivially on Y, there is a functorial isomorphism e^(y) = Y (Proposition 4.3). Therefore, applying 
to the injective morphism in C ®rPr 

X ^rQr^ X 0R Pji 

given by the split embedding 0,r C P^ (and using that X (^r ^r = 0,r ®r X), we show the injectivity of 7. 
Now let us prove that /3 is injective and, thus, it is an isomorphism. Consider the object 

Z:= (^idpi^04){4iX)) 
in P^ ^R P^ (g)R C. We have a commutative diagram in C 

Sym^Ofl^flX Sym|0/?-</.2(X) 



f7f 



X 



Of • z, 



where h is given by the action of P^(8)rP^ on Z (we use that X = Z/ (Ir-Z) and ^1^^-Ir = 0), the morphism / 
is defined by the embedding Sym^ Qr — )• , and the morphism g is induced by the isomorphism ^c- Using 
the injectivity of 7 for X and for (f)j,{X), we obtain that h is injective. Since 



AI^R 



is a projective i?-module, / is also injective, which implies the injectivity of /3. 



□ 



Now let us give a more explicit (though, a longer) definition of a D/j-category. First, consider only the 
functor (pj.. In this case, the situation is similar to the previously known differential Tannakian category over a 
field with one derivation [51, Definition 3], and [32, Definition 5.2.1]. For simplicity, we assume that the tensor 
product is exact in C. 
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Proposition 4.15. LetC be an abelian R-linear tensor category such that the tensor product is exact. Then to 
define a right-exact R-linear tensor functor 

together with an isomorphism between tensor functors 

<I>C : (e (8) idc) o cp}, ^ idc 
is the same as to define the following data: 

(i) a functor Atj, : C ^ C together with a functorial exact sequence 

> Qr^rX > Atl{X) > X > (12) 

for any object X in C; 

(ii) an isomorphism 

Ath{l)^Pk®Rl, 

where we consider the right R-module structure on P^, such that the exact sequence (12) coincides with 
the natural exact sequence for X = 1: 

> Or ^r 1 > P}^ ®R 1 > 1 > 0, 

and for any a ^ R ^ Endc(l), we have At^(a) = l{a), where we denote elements of R (respectively, 
in P^) and their images under the morphisms to End(lc) (respectively, to End(P^ 0r 1)) in the same 
way; 

(iii) a functorial isomorphism with the Baer sum 

AtliX y) ^ (At^(X) Y) +B {X At^(y)) (13) 

for all objects X and Y in C that respects commutativity and associativity constraints in C and the splitting 
of Atc(l) = 1 given by the canonical right R-linear splitting ^ i? ^r. 

Proof. Given (/>^, let At^ be the composition of 4>^ with the forgetful functor P^ ®r C ^ C (Proposition 4.3). 
Then Example 4.5 and Lemma 4.14 (namely, its part that concerns the first two adjoint quotients) imply the 
needed statement. □ 

Remark 4.16. 

(i) The notation At is explained by an analogy with the case C = Mod(i?) (Example 4.7), when the cor- 
responding functor coincides with the Atiyah extension: At^(A/) = (M(8)/jP^)^ for an P-module 
M. In particular, for a D^-Hopf algebra A or a D^-Hopf algebroid (i?, A) over k, we have that 
Atc(M) = (M(g)RP^)^, where C = Comod(A) or C = Comod(P,^) (Example 4.8) and M is 
an A-comodule. 

(ii) To give the functor Ate is the same as to give an object of type (^^[1], a) in the category of Kahler 
differentials for the derived category of C as defined in [43]. 

(iii) To be strict we distinguish between a P^-module {Y, ay) in C and the coiTcsponding object Y in C, which 
makes the difference between and At^(X). 

To define a D^j-category in these terms, let us first discuss several properties of the functor At^ : C — C. It 
is not tensor and is not i?-linear. For any object X in C, At^{X) is canonically a P^-module in C with respect 
to the right i?-module structure on P^ (Example 4.5). For any a G i?, we have 

Ate (a) = o — da, 
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where a acts on objects in C, being a scalar from R, and 

acts on At^(X) as the composition 

Atl{X) ^ X X ^ At^(X). 

Further, for any X in C, the object At^ (At^(X)) is a (P^ Pj^) -module in C. Consider the filtration by 
ideals: 

Pi ®R Pk D {Ur <S)r Pj^ + (^R Qr) D ^r (E)r nR D 0. (14) 

This defines a decreasing filtration on At^ (At^(X)). By the exact sequence (12), the corresponding adjoint 
quotients are as follows: 

X, {nR^RX)®{nR^RX), nR(E)RnR(E)RX. 

In addition, the Baer sum isomorphism (13) (or, equivalently, the tensor property of (/>^) implies that there is a 
product map 

m : At^ (At^(X)) Ate (Atc(>")) ^ Ate (Atc(X Y)). 

We will use the following technical result. By a filtered ring we mean a ring A together with a decreasing 
filtration A = F^A D F'^A D ... such that F'A ■ Pi A C F^+i A. 

Lemma 4.17. Let Abe a finitely filtered ring, f : M ^ N be a morptiism between A-modules (possibly, 
between A-modules in an appropriate abelian tensor category). Suppose that 

gr°/ : gr°M ^ gr°7V 
is an isomorphism and for any i, the canonical morphism 

gr'A (S)grOA gr°A^ ^ gr*iV 
is an isomorphism. Then f is an isomorphism. 

Proof. We have surjective morphisms grM 0g^oj^ gr^M — )• gr*M. By the conditions of the lemma, their 
compositions with gr*/ is an isomorphism. Thus, gr*/ is an isomorphism. Since A is finitely filtered, we 
conclude that / is an isomorphism. □ 

Proposition 4.18. Let [C, At^) be as in Proposition 4.15. Then to define a D R-structure on C with cf>l being 
given by At^ is the same as to define a functorial P^-submodule 

At2(X)cAt^ (At^(X)) 

such that, for all X and Y in C, the following is satisfied: 

(i) m sends Atl{X) (g) At^(y) to Atl{X (g) Y); 

(ii) the adjoint quotients of the intersection of At^(X) with the above filtration on At^ (At^(X)) are con- 
tained in 

X, Qr (g)R X, Sym| Qr (E)r X, 
where we consider the diagonal embedding 

Qr^rX ^ (Qr ^r X) © {Qr ^r X) 

and the natural embedding 

Sym| nR(g)RX ^ flR ^R Qr ^r X; 

(iii) the induced map from At^(X) to X = gr° At^ (At^(^)) is surjective. 
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Proof. Given a Di^-structure 0^, let At^ be the composition of (j)^ with the forgetful functor P"^ ®r C ^ C. 
Since (j)^ is a tensor functor and we have an isomorphism of tensor functors At^ satisfies (i). Also, by 
Lemma 4. 14, we have (ii) and (iii). 

Conversely, let At^ satisfy (i), (ii), and (iii). To construct the isomorphism we need to show that the 
natural moiphism 

^1 : {Pk ®n Pr) AtliX) ^ At^ {AtliX)) 

is an isomorphism. Note that ^ is a morphism between (Pj^ 0^ Pj^) -modules in C. Consider the filtration on 
the source and on the target of fi given by the filtration (14). By (ii) and (iii), the natural morphism 

Atl{X)/lR- AtliX) ^X 

is an isomorphism. Therefore, the first adjoint quotient of the source of fi is isomorphic to X and gr^'/i 
is an isomorphism (being an identity from X to itself). By Lemma 4.17 applied to the finitely filtered 
ring (Pj^ Cgi/? P^) , is an isomorphism. 

The tensor structure on the functor (p^, is given by the product map m. The fact that we obtain an isomor- 
phism follows from Lemma 4.17 applied to the finitely filtered ring Pj,. Finally, 

4:C^P^<g)RC 

is P-linear with respect to the left homomorphism Z : P — )• P^, because so is the functor </)^, and, hence, 
(idpi (g>0^) o 0^. □ 

Definition 4.19. Given an object X in a rigid P)/;-category C, let {X)^^£) denote the minimal full rigid D^- 
subcategory in C that contains X and is an closed under taking subquotients. We say that the category (A')^ 
is D^-tensor generated by the object X. 

Remark 4.20. In the notation of Definition 4.19, C is P>fc -tensor generated by X if and only if there is no smaller 
full subcategory in C containing X and closed under taking direct sums, tensor products, duals, subquotients, 
and applying the functor At^ (Section 4.3), because At^ is a subobject in At^ (At^(X)). In addition, the 

category (X),g,_£) is the union of all Cj's, where Ci is the subcategory in C tensor generated by (At^)°*(X). 
Remark 4.21. 

(i) Definition 4.6 is analogous to the definition of a group action on a category (for example, see [11]) so that 
the isomorphisms <l> and correspond to the unit and associativity constraints, respectively. We do not 
require the pentagon condition for in Definition 4.6 as we are not considering P^ (Section 3.7). On the 
contrary, the compatibility condition between and ^' makes sense in our set-up and means that, for any 
object X inC, the following compositions coincide: 

At^(A:) ^ At^ {AtliX)) ^^ii^ At^(A:), AtliX) ^ At^ (Ati(X)) At^X), 

where ttx '■ At^(A) — )• X is the morphism given by exact sequence (12). We do not require this con- 
dition in Definition 4.6 as well. However, it holds for Examples 4.7, 4.8 and for the differential category 
constructed in Theorem 5.1. 

(ii) Suppose that Dr is of rank one over R and the compatibility condition from (i) holds for a D^j-category C. 
Then we have Symj^ = 0^ ^r il/j and, by a dimension argument, the embedding 

At^(X)^Ati {AthiX)) 

identifies At^(X) with the kernel of the morphism 

At^vrx) - vrAti(x) ■ Ath {At^X)) ^ At^X). 
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Therefore, At^ is uniquely defined by At^, or, equivalently, (p^ is uniquely defined up to a canonical 
isomorphism by (f)'^. 

(iii) Suppose that F : C — )■ P is a faithful differential functor between D/j-categories and the compatibility 
condition from (i) holds for V. Then this condition also holds for C. In particular, if C is a D^-Tannakian 
category (Definition 4.22) over a differential field {k,Dk), then the compatibility condition holds for C 
by the end of (i). If, in addition, dimfe(Dfc) = 1, then, by (ii), we see that Definition 4.22 is equivalent to 
the definitions of a differential Tannakian category over a field with one derivation from [5 1 , Definition 3] 
and [32, Definition 5.2.1]. 

Let us discuss the relation between Definition 4.6 and the definition of a neutral differential Tannakian 
category with several commuting derivations given in [45, Definition 3.1]. Suppose that is a free i?-module 
generated by commuting derivations di, . . . ,dd- Let wi, . . . , be the dual basis in = D^. There is an 
involution a of the {R ® i?)-algebra (g)/; P^ uniquely defined by the condition a{u}i (g) 1) = 1 (g) for all i. 
For example, for any 

w = ^ aiUJi £ ^Ir, at £ R, 

i 

we have 

a{l uj) = uj 1 + uji (g) daj. 

i 

The subring of invariants under the involution a coincides with P^, because duji = for all i. Further, for any 
i, the morphism of differential rings (P, Dr) — (P, P • di) induces the ring homomorphism P^ — P/, where 
P/ denotes the 1-jet ring associated with the differential ring (P, P • d-i). It follows that a induces a collection 
of ring isomorphisms P/ Pj = Pj ®r P} that commute with a via the homomorphisms 

Pk®RP}i^Pl®RPj. 

Next, let C be a P>/j-category over P. Then, for any object X mC, the isomorphism 

^i : (pA ®r Pk) (S)p2 AtliX) ^ Atl (Ati (X)) 

induces an involution ax on At^ (At^(Ar)) such that the invariants of ax coincide with At^(X). For any i, 
the ring homomorphism P^ — )• P.l induces a morphism 

At'ciX) ^ At}{X), 

where we have a functorial exact sequence 

> X > Atj{X) > X > 0. 

Since the ring homomorphism 

is injective, the natural morphism 

Ati (Ati(X)) ^e,,,Ati(At](X)) 
is also injective. It follows that to define ax it is enough to specify a collection of isomorphisms 

S^, : At} {At]{X)) ^ At] {At}{X)) 

that should satisfy certain compatibility conditions. If, in addition, P = A; is a field, C is a neutral Tannakian 
category, and the fiber functor commutes with At^ and sends the isomorphisms Sij to the corresponding iso- 
morphisms in Vect(A;), then Sij satisfy the compatibility conditions and define coiTcctly At^ as the equalizer 
in At^ (At^(X)) of all the isomorphisms Sij. Also, one needs to require the Baer sum isomorphisms for Atj 
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to obtain the Baer sum isomorphism for At^, which would preserve At^. The latter coincides with the definition 
of a neutral differential Tannakian category as given in [45, Definition 3.1]. 

Finally, let us perform a calculation that we use in Section 4.4. Let {R, Dr) be a differential ring with 
free Dr. Choose a basis 3i, . . . , 9^ in Dr over R and let tJi, . . . , be the dual basis in Consider free 
i?-modules M = R-ei®. . .®R-em and = • /i © . . . © ii • /„ and a morphism of i?-modules cf) : M ^ N 
given by a matrix T. Then the morphism 

AtUcp) ■■ At)j(M) ^ At)j(Ar) 

is given by the matrix 

/ T ... 0\ 

-di{T) T ... 

-dd-iiT) ... T 
V -dd{T) ... tJ 

where we consider the basis 

{ei (g) 1, . . . , Cm 1^ 1, e-t 1^ ^j}, I ^ i ^ m, 1 ^ j ^ d, 

in At^(M) = (M P}i) R with respect to the right /2-module structure (Remark 4.16 (i)) and the analogous 
basis in At)j(A^). 

4.4 Differential Tannakian categories 

Throughout this subsection, we fix a differential field {k, DjS) and use the notions and notation from Section 9.2. 
Let us define differential Tannakian categories. 

Definition 4.22. 

- A Dk-Tannakian category over {k, D^) (or simply over k) is a D^-category C over k (Definition 4.6) such 
that C is rigid, the homomorphism k Endc(l) is an isomorphism, and there exists a D^-algebra R over 
k together with a differential functor uj -.C ^ Mod(i?) (Definition 4.9). 

- Given two differential functors uj,ri : C ^ Mod(i?), denote the set of isomorphisms between lo and r] as 
differential functors by Isom®'^(tj, t]). 

- A neutral Dj^-Tannakian category over A; is a -Tannakian category over k with a fixed differential 
functor to Vect(fc). 

Remark 4.23. We use notation from Definition 4.22. Since the category C is rigid and any differential functor 
is right-exact (Definition 4.9), we see that the functor uj is exact, [10, 2.10(i)]. In particular, w is a fiber functor 
from C to Mod(i?). 

Example 4.24. Let {R, A) be a ZJ^-Hopf algebroid over k (Example 3.43(iii)) such that A is faithfully flat 
over R ©^ R. Since the forgetful functor 

Comod^^(ii, A) ^ Mod(ii) 

is a fiber functor (Section 9.1) and differential (Example 4.10(ii)), the category Comod^^ {R, A) is a Dk- 
Tannakian category over k. In particular, if i? = A; and yl is a L)yfc-Hopf algebra over k (Example 3.43(ii)), then 
the category Comod-^^(A) is a neutral Dyt -Tannakian category over k. 

Given a L^^-Tannakian category C over k, a differential functor uj : C ^ Mod(i?), and a morphism of 
Dfc -algebras R ^ S,we put 

LOS -.C ^Mod{S), X ^ S®RLo{X). 
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Proposition 4.25. Let Rbe a D^-algebra over k,C be a Df^-Tannakian category over k, 

uj,r]:C^ Mod(i?) 

be differential functors, and let A be the R-algebra that corepresents the functor (Section 9.2): 

lsguf{uj,ri) : Alg{R) Sets, 5 Isom® (wg, r^g). 

Then A has a canonical structure of a Dji-algebra over R such that A corepresents the functor 

Isom®'^(w, rj) : UAlg{R, Dr) Sets, S ^ Isom®'^(a;5, Vs)- 

Proof. First let us construct a D^-structure on A. The idea is as follows. The collection (C, R, lo, ifj is a D^- 
object in the (2-)category of collections that consist of a Tannakian category over k, a fc-algebra, and two fiber 
functors to modules over this algebra. On the other hand, the (pseudo-)functor that assigns A to such a collection 
commutes with extensions and restrictions of scalars between k and P|. This defines a -D^-structure on A. Let 
us give more details. By the definition of A, the P|-algebra A ®r corepresents the functor 

Isom® (^p2 , r/pi) : Alg (P|) ^ Sets, 

where, as above, 

a;p2 : C ^ Mod (P|) , X ^ io{X) (E)r P^, and r7p2 : C ^ Mod (P|) , X ^ 7]{X) (^r P|. 
The functors a;p2 and r/p2 are exact /c-linear tensor functors. Moreover, uop2 is the composition of the functor 

R R R. 

and the functor 

io (g)k Pi : C (g)fcP| ^ Mod(P) (gik Pi ^ Mod (P|) . 
The analogous relations holds for ryp2 and rj^kPi- Hence, by Proposition 4.3, there is a canonical isomorphism 
of functors from Alg [Pr) to Sets: 

Isom® (u}p2,r]p2^ ^ Isom® (w Pf , r/ (g)fc P|) . (15) 

Similarly, the P^-algebra P| 0r A corepresents the functor 

Isom ® (^p2Uj,p2^ T]^ : Alg (P|) Sets 

and we have an isomorphism of functors 

Isom® (p2 w,p2 v) = Isom ® (Pf 0^ to, Pi (g)k rj) . (16) 

Again by Proposition 4.3, the right-exact fc-Unear tensor functor (p"^ : C —?■ Pi ®k C defines a right-exact 
P|-linear tensor functor 

el-.C^kPi ^ Pi^kC. 
In addition, the isomorphism defines an isomorphism of tensor functors 

w 0k Pi ^ {Pi 0k o 4 

from C 0kPi to Mod (P|) . Analogously, 11,, defines an isomorphism of tensor functors 

v0kPi {Pi 0k v)°4- 

This leads to a morphism of functors 

Isom® {Pi 0k w, Pi 0k v) Isom® {u 0k Pi,V ®fc Pi) ■ 
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Hence, by isomorphisms (15) and (16), we obtain a morphism of functors 

A : Isom® ( p2Uj,p2 rj I — )• Isom*^ {ojp2 , r]p2 I . 

\ Ft R / \ R R / 

By the corepresentability properties of A (X"^ and ^Sir A, the morphism of functors A corresponds to a 
morphism of P^-algebras 

e\: A(g)iiP^^ Pi ®R A. 

Since the isomorphisms and commute with r and via and r/, the morphism satisfies the 
required properties (Example 3.43(i)) to define a D/j-structure on A. 

Now let us prove the corepresentability property of A in the category of D^-algebras. Let 5 be a Dr- 
algebra, a : — 1^5 be an isomorphism of tensor functors, and let / : A — S* be the corresponding morphism 
of ii-algebras. We need to show that a is differential if only if / is differential. Note that a is differential if and 
only if the map 

As : Isom^ {^pI^^pI ^) ^ Isom^ {ujp2,rip2^ 
sends pj a to Opj . This is equivalent to the equality between the morphism 

/ ® idp2 : A(^rPI^ S®rPI 

R 

and the composition 

A^rPI PI®rA PI^rS S^rPI 

The latter is equivalent to / being differential. □ 

Example 4.26. Let = k ■ d, where 9 is a formal symbol that denotes the trivial derivation from k to 
itself, K be a differential field over {k,Dk) such that = /C^, let C = DMod(A', Dk) with Dk = K ■ d, 
(xJQ : C — )• Vect(A;) be a fiber functor, and let w : C — )• Vect(i^') be the forgetful functor Since the left and the 
right fc-module structures on P| coincide, C has the trivial D/t -structure with 

cl)l{M) := Pi M ^ M ® M 

for a 9-module M over K. Since 

ujo{Pi (^k M) ^ Pi ®fc a;o(M) ^ uo{M) 0^ P|, 

we see that cjq is a differential functor By Proposition 3.42, for any 5-module M over K, there is a canonical 
isomorphism of {K ir)-modules 

M0kPk = Pk ®k M. 

Since (P|. (^ii- M)k = (Pf CSfc M)k, we obtain that w is a differential functor Let A be the A'-algebra that 
corepresents the functor 

Isom®((Ar — ) o (xiQ, uj). 

Proposition 4.25 provides a 9-structure on A. This 9-structure coincides with the one defined in [10, 9.2] (note 
that the definition of a 0-structure from [10, 9.2] works well for the whole category Y)M.od{K, Dk), not just 
a subcategory tensor generated by one object). 

Theorem 4.27. LetC be a Dk-Tannakian category over a differential field {k, Dk), Rbe a D^-algebra over k, 
and ietw : C — > M.od{R) be a differential functor Then there exists a D^-Hopf algebroid {R, A) over (fc, D^) 
such that A is faithfully flat over R®k R ^.nd uj lifts up to an equivalence of Dk-categories over k 

C ^ Comod^^{R,A). 



38 



Parameterized Picard-Vessiot extensions and Atiyah extensions 



Proof. Apply Proposition 4.25 to the differential functors jk^ji lo and ujji^ji from C to Mod(ii (g)^ R), where, 
as above, for X in C, we put 

{mROj){X) := {R^kR)^Ri^{X) ^R^k^iX), {uJmR){X) := uj{X) {R®kR)=^(.X) ®fc i?. 

This gives a differential algebra A over R (g)^ R, where the differential structure on R^^ Ris defined as on the 
tensor product of D^-algebras (Remark 3.22). From the properties of the functor from DAlg(i? R) to Sets 
corepresented by A, it follows that (i?, A) is a Dk-Hopf algebroid over k and u lifts to a differential functor 
between 1?^ -categories C — )• Comod^^{R,A) (Example 4.8). Finally, by [10, 1.12] (Theorem 9.3), the latter 
functor is an equivalence of categories and A is faithfully flat over (8)^ i?. □ 

In particular, when R = k, Theorem 4.27 recovers [52, Theorem 2]. 

Now let us discuss finiteness properties of the algebra A from Proposition 4.25. 

Proposition 4.28. In the notation of Proposition 4.25, suppose that C is D^-tensor generated by an object X 
(Definition 4.19). Then A is D^-generated over R by matrix entries of the canonical isomorphism 

io{X)A v{X)a 

and the matrix entries of its inverse with respect to any choice of systems of generators of uj{X)a and 'q{X)A 
over A. 

Proof. This follows from Proposition 9.2, Remark 4.20, and the calculation of At\{(j)) at the end of Section 4.3. 

□ 

Corollary 4.29. Suppose that {k, D^) is differentially closed, char A: = 0, and the category C is D^-tensor 
generated by one object. Then all differential functors from C to Yect{k) are isomorphic. 

Proof. Let uj,r] : C ^ Vect(fc) be differential functors. By Proposition 4.25, isomorphisms between lo and r] 
as differential functors are in bijection with morphisms of D^.-algebras yl — A;. By Proposition 4.28, A is 
Z^fc-finitely generated over {k, Dk). By [10, 1.12], A is non-zero, being faithfully flat over k. Since char A; = 0, 
there is a morphism from ^4 to A: (for example, see [63, Definition 4] and the references given there), which 
finishes the proof. □ 

Finally, let us describe the differential structure on the ring A from Proposition 4.25 explicitly. We use its 
notation. First, recall an explicit construction of A. Consider the i?-module 

F:= Homfi(o.(X),r/(X)) 
xeOfe(C) 

and the i2-submodule T of F generated by all elements of type 

o uj{cP)) © (-??(0) o ^p) e RomR{uj{X), 7]{X)) © RomR{uj{Y), 7]{Y)), 

where cp £ Homc(X, Y), ^ G RomR{uj{Y), ri{X)), and X, Y are objects in C. Then we have A = F/T ([12]). 
For each object X in C, choose an i?-lineai- section 

sx:v{X)^ki], {r^iX)) 

of the morphism At)j {ri{X)) — ri{X). By Remark 4.16 (i) and Proposition 3.42, sx con^esponds to a, possibly, 
non-integrable Dij-structure on r]{X). This defines uniquely an i?-linear morphism 

tx : At]^ (r?(X)) ^ Qr ©^ r]{X) 

such that the canonical morphism ^Ir ©/j 'r]{X) — Atjj (r/(X)) is a section of tx and tx o sx = 0. Next, for 
any d € Dr, consider the additive map 

d : HomR(a;(X),r?(X)) ^ Rouir [to (At^(X)) , r/ (At^(X))) , d{tl;) := sjfo (9 © id^(^)) ot^oAt)^(V'), 
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where ijj G Homi;(a;(X), ry(X)) and we use the functorial isomorphism 

^(Ati(X)) ^At)j^(^(X)). 

Taking the direct sum over all objects X in C, we get the additive map d : F ^ F. One can show that d 
preserves the submodule T and defines a derivation on the i?-algebra A. All together, this defines a D/j-structure 
on A. 

5. Parameterized Atiyah extensions 

5.1 Construction 

Throughout this section, we fix a differential field {k,D}S) and a parameterized differential algebra {R,Dr) 
over [k, D^) (Definition 3.14). Recall that we have a differential ring Dj^/j.^, where Dpj^j. is the kernel of 
the structure map Dr R®k Dk associated with the morphism of differential rings (fc, D^) — )■ {R, Dr). Put 
^R/k ■= D)^,/k- 

Theorem 5.1. There is a canonical Dk-structwe on the category DMod (^R,Dff/j.) such that the forgetful 
functor from the D^-category DMod (ii, D^/j^) over {k, Dk) to the Da-category Mod(i?) over (i?, Dr) is 
a differential functor. 

Proof. We follow the explicit approach from Section 4.3. First, we need to construct a right-exact fc-linear 
tensor functor 

0i : DMod {R,DR,k) ^ k{Pl ®k DMod {R,DRik)) 
together with certain isomorphisms between tensor functors. Then we need to construct functorially a P|- 
submodule At^(M) in At^ (At^(M)) satisfying several properties. Recall that we distinguish between a P^- 
module in DMod(i2, Dji/k) and the corresponding object in DMod(i?, Dri^), which makes the difference 
between 0^ and At^ (Remark 4.16 (iii)). In particular-, 4>^ [(j^{M)) is not well-defined, while At^ (At^(M)) is 
well-defined. We call At^(M) a parameterized Atiyah extension. The proof is divided into several steps. 

Step 1. Construction of 4>^{M) 

Let M be a Z)^/;. -module. Put 

M\M) := i^m^l + Y^mi®0Oi\y^€ Dji/k, CM = ^L^i(e)m,| cM^rPr, (IV) 

where m, rrii G M, LOi G Or. Here we use that Dr^^ is an i2-submodule in Dr, whence, iOi{^) is well-defined. 
Equivalently, At^(A/) is the kernel of the map 

A : M 0R — )• r^/j/fc CSij M, a + rrii® uji^ aV ui'm) + da®m — ^^[i^i] ® mi, (18) 

i i 

where the brackets mean the application of the natural quotient map Q.r — )• 0^/^. The Leibniz rule for Vjv/ 
implies that A is well-defined. Also, A is i?-linear with respect to the right i?-module structure on M ®r 
defined by the homomorphism r : R ^ P^. Hence, At^(Af) is an i?-submodule in M ®r Pj^ with respect to 
r. Explicitly, we have 

a ■ (X" 1 + rui ® <^j^ = am ig) 1 + m ig) da + rrii (g owj. (19) 

Let us define a weak Z^/jy^. -module structure on At^(M) (Section 3.10). Recall that we have a weak Drj^- 
module structure on P^. Hence, we obtain a weak D^/^- -module structure on the tensor product M ®r P^. We 
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claim that the corresponding action of an arbitrary element d € D^ji^ on M Pj^ preserves Ati(M). Indeed, 
for any 

m^l + '^mi^uji £ At^(M), 

i 

we have 

d (g) 1 + ^ rrii ^ = d{m) 1 + ^ {d{mi) + nii Lg{uJi)) 

(see Definition 3.48 for Lq). Hence, we need to show that, for any ^ G Dn/k^ we have 

e(9(m)) = ^ {coiiO ■ d{mi) + La{u.i){i) ■ m,) . 

i 

By (8), the right-hand side is equal to 

^ {u)i{i) ■ d{mi) + diuJiiO) ■ mi-uii{[d,C]) ■ rm). 

i 

Further, by (17), the latter equals 

5(e(m)) - [d,^]{m). 

Thus, we conclude by the integrability condition for the L'jij/;. -module structure on M. Let us check that the 
above weak L'^y^.-module structure actually defines a D^/^-module structure. For all 

a€R, d £ Dji/k, rw^l + y^mi^uji £ At^(M), 



we have 



a • 5^m(g) 1 + (go;,^ =a - ® 1 + ^ ((9(?nj) (g) cjj + Lg(a;j))^ = 

= ad{m) ®1 + d{m) ® da + {d{mi) ® acoi + mi (g) aLQ{uJi)) = 

i 

= ad{m) (g) 1 + {uJi{d)mi (g da + d{mi) (g auji + mj (g aLQ{uji)) = 

i 

= ad{m) (g 1 + {ad{mi) (g + ?nj (g Lad{uii)) = {ad) (g 1 + mj (g uj^ , 

where we have used (9) and (19). Thus, we have shown that At^(M) is an object in DMod (i?, Dj^/i^y 

Now let us extend At^(M) to an object (/)^(Af) in (g^ DMod {R,Dji/k), that is, let us define a P^- 
module structure on At^ (M) with respect to the right homomoiphism r : k ^ P^. For this, note that M (g/j P^ 
is a P^-module. In addition, the multiplication by P^ C P}, preserves At^(M): for k C P^ this follows from 
the existence of the i?-linear structure on At^(Af), while for any 

7] £Qk and m (g 1 + ^ TTij (g G At^(M), 

i 

we have 



(g 1 + rrii (g ■ rj = m(E> rj 



and r/(^) = for any ^ G Df>/i^. Moreover, the multiplication by P^ commutes with the D/j/^^-structure 
on At^(M), because the product on P^ respects the weak D^/^j-structure via the Leibniz rule (Section 3.10) 
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and ^(a + ry) = in the above notation. All together, this defines an object (f)^ (M) in ®k DMod (i?, D^/^) . 
Step 2. The functor M ^ (j)^{M) 

It follows that (j)^{M) depends functorially on M. Moreover, the explicit description of (j)^{M) from (17) 
implies a functorial exact sequence in DMod (^R, DR/j.y. 

^ Ofc ®fc M ^ (l)^{M) ^ M ^ 0, 

where 7r(m 1 + rui oji) = m. It follows that the functor 4>^ is exact. By construction, it is also fc-linear 
with respect to the left homomorphism I : k ^ P^, because the left i?-linear structure on P^ is involved in the 
tensor product M ®^ P^. 

Let us show that the functor 0^ is tensor. Let M and A^ be Dpy^-modules. We have a natural isomorphism 

(M ^ Pji) ^pi^ {N ® Pji) (M N) Pji . 

This induces a map 

(P\M) ®pi (f)\N) ^ (Af N) ®R Pjf . 

k 

The Leibniz rule for the action of Dr^i^ on M 0r N implies that the image of this map lies in the subset 

4>^ (M 0R N) C (M (g>R N) Or 
which defines a morphism of -modules 

m : ^^{M) (8)pi (j)^{N) (j)^{M ^r N) 

Our aim is to show that m is an isomorphism. Note that the morphism vr from above coincides with taking 
modulo the ideal 0^ C P^. Denote also taking modulo the ideal in any P^ -module by vr. Then the morphism m 
commutes with the identity map from M ^r N to itself via the corresponding morphisms vr. By Example 4.5, 
the kernel of vr on (/>^(M) ®pi (^^{N) is equal to Qk {M ^r N). It follows that the morphism m induces 

k 

the identity map from fi^ (8)^ (M (^r N) to itself on the kernels of vr. Therefore, m is an isomorphism, which 
fixes a tensor structure for the functor c/)^. Also, we obtain an isomorphism of tensor functors 

(e (g) id) o(j)^ ^ id, 

where, as above, e : P^} — )• A; is taking modulo 0,^. 

Step 3. Construction of At'^{M) 

Put 

At\M) := At^ (At^(M)) r\ M ®r pI C M ®r P}f ®r P\. 

By Remark 3.49, 

is preserved under the action of Dr/i^, whence At'^{A4) is a weak D^/^-module. Besides, as shown above, 
At^ (At^(A/)) is a Dp/^-module, whence At^(M) is also a D^/^-module. Since At^ (At^(Af)) is preserved 
under the right multiplication by P^ P^, we obtain that At^(Af) is preserved under the right multiplication 
by 

Pic (P,i0,.pi)nP|. 

Since multiplication by P^ Pk '^^ (At^(-^)) commutes with the Z)/j/;--structure, multiplication by P| 
commutes with the Dr/^, -structure on At^ (Af). Thus, we see that At^{M) is a P|-submodule in At^ (At^(A'/)) 
in the category DMod (P, Dr/).) . 
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It follows that At^(Af ) depends functorially on M. By Step 2, the tensor structure on At^ o At^ is induced 
by the isomorphism 

(M ®R P\ ®R Pjj) ®(pi«^pi ) {N Pk ^i? Ph) ^ {M N) (g)R (Pi 0R P^) . 
Since P| is a subring in Pj^ ^r P^, we see that the product map 

At^ {At\M)) At^ {A.t\N)) At^ {At\M ^r N)) 

preserves At^. 

Consider the filtration by ideals: 

Pi Pk ^ i^k Pk + Pk ®fc ^k) 3 ^k ®fe ^k D 0. 

This defines a decreasing filtration on At^ (At^(Af)) with the following adjoint quotients (see Section 4.3 for 
more computational details): 

M, {Qk (S>k M) © {Vik ®k M) , Qk (^k ^k (^k M. 

Consider the intersection of this filtration with At^(M). Since At^(M) is contained in M ^r P^, the corre- 
sponding adjoint quotients are contained in 

M, Ofc 0fc M, Sym| Qk ®fc M. 

Hence, by Proposition 4. 18, DMod(i?, Dri^) with the functor At^ is a Dfe -category, provided that the induced 

map k\?{M) M = gr° At^ (At^(M)) is surjective. 

Step 4. Surjectivity of At2(M) M 

Take any 

m^M and m (g) 1 + ^ mj (g) cjj G At^(M). 

i 

First, let us prove that there exists x ^ M ®r Qr ©p fip such that the image of x under the map 

M ®R VIr ®rVIr^M ®r A%nR 
is equal to y := ^ • mj (g) dcoi and the image of x under the map 

M ^R Qr (g)R Qr M ^R VLR/k ®R Qr 

is equal to z := — V{mi) ig) tOi, where we apply the isomorphism flR/k ®rM = M 0r ^R/k- For short, 
put 

A:=nR^RnR, S :=Ker (Op®/jl7/j ^ a|Op), C := Ker {Qr ^rQr ^ CtR/k (E)RnR) . 
We have the following exact sequence 

A ^ (A/B) © (A/C) ^ A/{B + C)^0, 

where the first map is given by the diagonal embedding and the second arrow is induced by taking the difference. 
Since the P-modules 

A = nR®RnR, A/B^aIUr, A/C ^nR/k®R^R, and A/{B + C)^ A]fLR,k 
are projective and, henceforth, flat, we obtain the exact sequence 

M ^rQr^Qr^ (M ^r ArQr) © (M ®R Q.Rik ©R 0.r) ^ M ^r ARflR/k 0. 

The integrability condition on M implies that y © z is in the kernel of the rightmost non-zero map (note that we 
have switched the tensor factors M and ^R/k unlike in Definition 3.19, whence there is a sign change). Hence, 
by the exactness in the middle, there exists x with the required properties. 
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Now let us show that the element 

7i := m 1 ^ 1 + (g) 1 + ^ . mj 1 - X G M ®R (^^ 

belongs to At^(M). Since x is sent to y, we see that n belongs to M (g)/; P^. By the hypotheses, 

m®l®l + ^mi(g)u;i(g)lG At^(M) (g) 1 C At^(M) Pr. 

i 

Since x is sent to z, we see that the map 

A ^ idpi : M P^ Pjf ^ l^R/fc »^ M P^ 

sends ^ - mj (g) 1 (g) — x to zero (recall that A is defined in (18)). Since Pj^ is a projective and, therefore, flat 
P-module, we conclude that 

^mjOlOcJi-xG At^(M) 0r Qr. 

i 

Therefore, 

n G At^(M) 0/jPr. 

It remains to check that 

n G At^ (At^(M)). 
For this, we need to show that, for any ^ G Dr/^, we have 



• im <g) 1) - x(- (g G Ati(M), 



where x( — (g ^) G M (g)/; 17/; = I{om.R{DR, M) sends any 5 G Dr to x{d^ ^) G M. By the explicit formula 
for the -D/j/fc-module structure on At^(M) given in Step 1, the left-hand side is equal to 

^{m) iX" 1 + ^ <g) i^i + ^ ?7ii (g) L^{uji). 

i i 

By the explicit formula (19) for the P-module structure on At^(M) also given in Step 1, the right-hand side is 
equal to 

i i 

Since m (g 1 + ^ ■ nii® uji ^ Ki^ (M), we have that 

^(m) 1 = ^ WilO'Tij (g 1. 

i 

Further, by the definition of the Lie derivative, we have 

(g) L^{uJi) = (g) d(a;j(^)) + ^rrij (g> (dtjj)(^ A -). 

i i i 

Since x is sent to y, we have that 

^TTlj® (dwi)(^A-) = x(^® -) - x(- ®^). 

i 

Finally, since x is sent to z, we have that 

(g -) = - ^ £,{mi) (g Wi, 

i 

which shows the required equality. 
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Step 5. The forgetful functor DMod {R, Dj^/k) Mod(fl) 

It remains to show that the forgetful functor DMod (i?, -D^j/fc) — )■ Mod(ii) is differential. By Definition 4.9 
and (10) from Section 4.1, it is enough to show that the canonical morphism of P|-modules 

is an isomorphism. This follows directly from Lemma 4.17 apphed to the filtered ring P^. □ 
Remark 5.2. 

(i) If {R,Dr) = {k,Dk), then we have DMod {R,DR/k) = Vect{k). It follows from the construction 
in Step 1 in the proof of Theorem 5.1 that the D^-structure on DMod (i?, -Dij/fe) given by Theorem 5.1 
coincides with the usual D^-structure on Vect(A:). 

(ii) There is a motivating example for the construction of a D^/;, -structure on DMod(i?, Dr/i^). Let M be 
a Dij-module over R and put := M^^/'' (Definition 3.19). Note that is a fc-vector subspace in 
M. Moreover, there is a Djt -module structure on N over k defined as follows. For d G Dk, consider 
any lift d € Dr of \ ® d with respect to the structure map Dr — ^ R ®k Dk- Then, for any n £ N, 
put d{n) := d{n). In Theorem 5.1 M is replaced by the category Mod(i2) and, correspondingly, N is 
replaced by DMod(i?, Dr^j^). It seems that both constructions can be generalized for a wider class of 
D^-objects or categories instead of M or Mod (ii). 

(iii) In [5, 1.6.3], one finds an alternative definition of the DR^f^-module structure on At^(Af) in terms of 
lifts of the D/j/fc-structure on M to, possibly, non-integrable D/^-structures on M. The construction from 
op.cit. is given for families of varieties but it applies as well in the setting of parameterized differential 
algebras. However, the approach to At^(Af ) from Step 1 of the proof of Theorem 5.1 seems to be more 
convenient to show that one, thus, obtains a -D^-structure on DMod(i?, Drj}.). 

In Section 5.3 we use the following result. 

Lemma 5.3. Given a morphism {R, Dr) — )• {S, Ds) of parameterized differential algebras over [k, Dk), the 
extension of scalars functor (Definition 3.23) 

S^R-: DMod {R, DR/k) ^ DMod (5, Ds/k) 

is canonically a differential functor between D^-categories over (fc, D^). 

Proof. For a D^/^-module M, consider the morphism 

M 0R Pi ^ Ms <»sPs = M ^R Pi 
It follows that this morphism sends At^{M) to At^ (M5). Hence, the morphism 

M^rPI^ Ms <»sPs = M (g>R Pi 
sends At^(M) to At'^{Ms). Thus, we obtain a morphism of Pj-modules 

At\M) S5(p2^^5) Ps ^ At\Ms). 
By Lemma 4.17 applied to the filtered ring P|, this is an isomorphism. □ 

5.2 Matrix description 

Let us describe the differential structure on At^{M) in the case of a parameterized field explicitly. In the par- 
ticular case when is one-dimensional, this will coincide with the prolongation functor from [52, Section 5]. 
Let {K, Dk) be a parameterized differential field over {k, D^). Let dt^i, ■ ■ ■ , dt^q be a basis of over k, and 
let 

dx,i, ■ ■ ■ ) dx,p, dt^i, . . . , dt^q 
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be a basis of Dk over K such that dt^i are sent to 1 dt^i under the structure map Dk K (^^ Dk- Let 
ut^i, . . . , ujt,q be the dual basis in Qk to dt^i, . . . , dt^q, and let 



0. 



^x,l, • • • ) ^x,p, ^t,l, • • • 5 ^t,q 

be the dual basis in Qk to c?^,'^!, . . . , dx,p, dt^i, ■ ■ ■ , dt^q. Thus, we have ujx^i {dt,j 

Let M be a finite-dimensional D^/^-module over A' and let {ei, . . . , Cm} be a basis of M over K. For 
9 G Dx/k^ let e MatTOxm(-f^) be the connection matrix on M [55, Section 1.2], that is, we have 

d{e) = -e ■ Aq, 

where e := (ei, . . . , em)- Put Ai := Aq^ ^, I ^ i ^ p. Then we obtain the following basis for At^(M): 

{/i, • • • , fm, Si wtj}, 1 ^ i ^ ?n, 1 < j ^ g, 

where 



{fl,...,fm) = f, f -.= 6(^1-^6 -Ai 



i=l 



Proposition 5.4. In the above basis for At^(M), the connection matrix for d G Dj^/f. is equal to 

( Aq ... \ 

Bi Aa . 



Bq-l 

V Bq 





Aa 
AaJ 



, Bi := -^t,^iAa) - A\ 



OA J' 



1 < i ^ (7. 



Proof. We use the construction of the differential structure on At^(M) as given in Step 1 of the proof of 
Theorem 5.1. By definition, we have 

d{ei (g) ujtj) = d{ei) (g) ujtj, 

V V V 

d{f) = -e- Aa^l- '^e-d{Ai) ^ Zjx,i + " MAa®LOx^i - • ® La{ujx,i)- 

i=l i=l 2=1 

On the other hand, by the definition of the A-linear structure (19) on At^(M), we have 

p 

J ■ Aa = e- Aa(^l + e(g) dAa - ^ e • ® Aaujx,i- 



i=l 



Since the action of d is well-defined on At^{M), the sum 



d{f) + f ■ Ag = - "^e ■ d{Ai) ® ujx,i - ^ e • ® La{ujx,i) + e ® dAg 

i=l i=l 

belongs to M (gfc Qj. and, hence, it is uniquely determined by its values at all dtj. Evaluating this explicitly and 
using that u)x,i ( dtj ) = 0, we obtain the needed result. 



□ 

5.3 PPV extensions and differential functors 

The following statement is a parameterized version of [10, 9.6] (see also Proposition 2.4). 

Theorem 5.5. Let {K, Dk) be a parameterized differential field over a differential field {k, D^), char = 0, 
M be a finite-dimensional Dx/k-^odule over K. Then there is an equivalence of categories 

$ : PPV (A/) ^ Funf (C, Vect(A;)), 
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where C := (M)^ £) is the full subcategory in DMod(K, Dj^^j.) -tensor generated by M (Definition 4.19), 
where the Dk-structure on DMod(A', Dj^//,) is as in Theorem 5.1. 

Proof. First, let us construct the functor Let L be a PPV extension for M. By construction, the solution 
space functor 

LOQ-.C^ Yect{k), X ^ 
is fc-linear. By definition of a PPV extension, there is a canonical isomorphism 

L®fcWoW^^L (20) 

in DMod(L, Di/k). Therefore, the functor ooq is exact and tensor. Let us show that loq is a differential functor 
between D^-categories over k. By Remark 5.2 (i) and Lemma 5.3 applied to the morphism {k, Dk) — > {L, Dl), 
the functor 

L®k- ■■ Vect(/c) DMod (L, D^jk) 
is differential. Since the functor L (g)^ — is also fully faithful, by Lemma 4.11, it is enough to prove that the 
composition 

(L ®fc -) o Wo : C ^ DMod (L, 0^/^) 
is a differential functor. By isomorphism (20), this composition is isomorphic to the extension of scalars functor 

L®K- -C^ DMod {L,DL/k)- 

By Lemma 5.3, the L ®k — is a differential functor, which implies that cjq is a differential functor. We put 
^{L) := ijJq. One checks that $ extends to a functor. 

Now let us construct a quasi-inverse functor ^ to $. Let wq : C — )• Vect(A:) be a differential functor. 
Consider the forgetful functor a; : C — )• Vect(i^). By Theorem 5.1, a; is a differential functor. By Theorem 4.2, 
there exists the extension of scalars K 0k C. By Proposition 4.12(i), K has a canonical Di^-structure and, 
by Proposition 4.12(ii), the functor io corresponds to a differential functor 

T] : K (E>kC -^\ect{K) 

between Di^-categories over K. By Remark 4.13(ii), we also have a differential functor 

K ujo ■ K (g)k C K 0k Vect{k) = \'ect{K) 

between LJ/^-categories over K. By Proposition 4.25, the functor 

Isom®-^(K 0k t^o, V) ■■ DAlg(K, Dk) ^ Sets 

is corepresented by a D^-algebra A over K. We will show that A is a domain and L := Frac(yl) is a PPV 
extension for M. For this, we use analogous results from [10, 9]. By Proposition 4.25, ^ as a K-algebra 
corepresents the functor 

Jsgm^{K 0k ^0, v) ■ Alg(K) Sets. 
By Definition 4.1, there is an equivalence of categories 

Funjf{K 0kC,Yect{K)) Fun^'®(C, Vect(K)), 

which sends K k loq to {K 0k —) o ujq and sends r] to toby the construction of t]. Therefore, A corepresents 
the functor 

lsgnf{{K0k-)ouJo,uj) : Alg{K) Sets. (21) 

Let Ci be the full subcategory in C tensor generated by (At^)°* (M) and let Ai be the K-algebra that corepre- 
sents the functor 

lsom! ^((K 0k -) o uJQ\c^,UJ\ci). 
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By Remark 4.20, the category C is a union of all Cj's, whence we have that A = lun. Ai. Each ring Ai is a 
particular- example of a ring considered in [10, 9.2], where it is denoted by r(P, O). A Z)^/fc-structure on A/ is 
defined in [10, 9.2]. Moreover, all morphisms Ai — > Aj, i ^ j, are morphisms of D/^/zj-algebras over k, which 
defines a D/^/^-structure on A. By Example 4.26, this L'/^//^.-structure coincides with the one obtained from 
the Di^-structure on A. Thus, it follows from [10, 9.3] that A is a domain and the field L := Frac(j4), being 
a D^-field over K, has no new D^//. -constants. Since A corepresents functor (21), the embedding A ^ L 
induces an isomorphism 

L(g)kUJo{M) ^ Ml. 

It follows from [10, 9.6] that this isomorphism identifies 1 (g) u}q{M) with M^^^'° . Thus, we have an isomor- 
phism 

Hence, by Proposition 4.28, L is Dx-generated by the coordinates of horizontal vectors in a basis of M over 
K, whence L is a PPV extension. We put "^/{uoq) := L. One checks that 4* extends to a functor. The proof of 
the fact that $ and ^ are quasi-inverses of each other is the same as the proof of [10, Proposition 9.5]. □ 

Remark 5.6. It follows from the proof of Theorem 5.5 and Proposition 5.5 that A as above is equal to the PPV 
ring associated with L (Definition 3.28). Moreover, by the construction of A, for any D^-algebra R, there is a 
canonical isomorphism 

Avit^^^{R(g)k A/R(g)k K) ^ Isom®'^(a;jj,L<Ji?). 

6. Definability of differential Hopf algebroids 
6.1 Reduction to faithful flatness 

The goal of this section is to prove Theorem 6.1. This technical result is needed for the proof of Theorem 2.5. 

Theorem 6.1. Let {K, H) he a Dk-Hopf algebroid (Example 3 .43(m)) over a differential field {k, Dk) with K 
being a field and char fc = 0. Suppose that H is a Dk-finitely generated (Definition 3.12) faithfully flat algebra 
over K ®k K. 

Then there exist a D^-finitely generated subalgebra R in K over k and a D^-Hopf algebroid (R, A) over 
k such that A is a Dk-finitely generated faithfully flat algebra over R R ^nd there is an isomorphism of 
D^-Hopf algebroids over k 

{K,kAk) = {K,H). 
The following statement is not used in the paper, but we include it for its own interest. 

Corollary 6.2. Let C be a D^-Tannakian category over a differentially closed field {k, DjS) with char A; = 0. 
Suppose that C is D^-tensor generated by one object. Then there exists a differential (fiber) functor C — )• 
Vect(A;). 

Proof. There is a D^-morphism from any Dj^-^lgebra over to a D^-field over k. Thus, it follows from Def- 
inition 4.22 that there is a differential functor C — Vect(i^) for a D^-field K over k. Combining Theo- 
rem 4.27, Proposition 4.28, Theorem 6.1, Section 9.1, and Example 4. lO(iii), we obtain a differential functor 
C Mod(i?), where ii is a D^-finitely generated D^-algebra over k. Since char k = 0, there is a morphism 
from Rto k (for example, see [63, Definition 4] and the references given there), which finishes the proof. □ 

The proof of Theorem 6.1 uses the following statements. 

Lemma 6.3. Let B bea Dk-finitely generated Dk-Hopf algebra over a differential field [k, Dk) with char k = 
0. Then B is of Dk-finite presentation over k (Definition 3.13). 
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Proof. By [7, Proposition 12], S is a quotient of the Hopf algebra of the differential algebraic group GL„, that 
is, we have a surjective morphism of Z)i.-Hopf algebras 

C ■= fc{Tij}[l/det] ^ B. 

Since C is of D^-finite presentation, it is enough to prove that the kernel / of is D^-finitely generated. Let 
C„ C C be the subring generated over k by all derivatives of Tij of order at most n with respect to D^- Put 
Jn '■= ICiCn- Then Jn is a finitely generated Hopf ideal [67, Section 2.1] in the finitely generated Hopf algebra 
Cn over k, because the comultiplication A : C — C (gifc C* is a Dfc-morphism. Let /„ be the Dfc -ideal in C 
generated by Jn. Again, since A is a -morphism. In is a -finitely generated Hopf ideal in the Hopf algebra 
C over k. Therefore, /„ is radical [67, Theorem 11.4]. Since / = Un-^"' t^^' Theorem 7.1], I = In for 
some n, whence / is -finitely generated. □ 

Lemma 6.4. Let {K, H) he a D}^-Hopf algehroid over a differential field {k, D^) with K being a field and 
char k = Q. Suppose that H is a Dk-hnitely generated faithfully Hat algebra over K ®k K. Then H is of 
Dj^-finite presentation over K K. 

Proof. Since H is D^-finitely generated over K^^K, we have that B := K^K(^kH is a -finitely generated 
Dfc-Hopf algebra over K. Therefore, B is of D^-finite presentation over K by Lemma 6.3. Since Spec{H) is a 
Dfc -pseudo- torsor under the group scheme Spec{B(!S>k K) over K^^K (Section 9.2), we have an isomorphism 
of L>jt-algebras over H: 

B®kH^H ®K(^k H. 

Hence, H ®k®k H is of Djt -finite presentation over H. By the condition of the lemma, H is faithfully flat 
over K 0k K. The same argument as in the non-differential case (for example, see [22, Proposition 2.7.1(vi)]) 
implies that H is of D^-finite presentation over K (iS>k K. □ 

Proposition 6.5. Let {R, A) be a Dk-Hopf algebroid over a differential Held {k, Dk) with R being a domain 
and char A; = 0. Suppose that R and A are Dk-hnitely generated over k and Ap ^ 0, where F is the total 
fraction ring of R (8)^ R. Then there exists a non-zero element f ^ R such that the locahzation jAf is faithfully 
flat over the localization Rf ®k Rj. 

Proof of Theorem 6.L By Lemma 6.4, H is of -finite presentation over K K. A standard argument 
implies that there is a -finitely generated subalgebra ii in i^' over k and a -D^-Hopf algebroid {R, A) over k 
such that A is of Dk-^mte presentation over R^k R and there is an isomorphism of D^-Hopf algebroids over 
k 

{K,kAk) = {K,H). 

Since H is faithfully flat over K ^^.1^^ we have Ap 0. Hence, by Proposition 6.5, localizing i?by a non-zero 
element, we obtain that A is faithfully flat over R^k R. □ 

Remark 6.6. Proposition 6.5 is implied by the following hypothetical statement: given a morphism S ^ A 
between D^.-finitely generated algebras over k, suppose that there is a multiplicative set S C 5 such that the 
localization J^~^A is faithfully flat over E~^5'; then there is g' G S such that Ag is faithfully flat over Sg. The 
validity of this statement seems to be not clear, while its non-differential version is well-known (for example, 
see [23, 8.10.5(vi),11.2.6.1(ii)]). Proposition 6.5 consists of this for the case of a differential Hopf algebroid 
{R, A) andS = R (g>k R. 

The rest of the section is on the proof of Proposition 6.5, which we actually prove in Section 6.3. 
6.2 Auxiliary results 

The following is a modification of [62, Proposition 5]. The authors are grateful to D. Trushin for his suggestion 
to use this result. 
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Lemma 6.7. Let A be a Ds-finitely generated algebra over a differential ring {S, Ds) by elements {ai, . . . , a^}. 
Suppose that A is a domain. Consider the following (non-differential) S -subalgebras in A: 

An := S[{di • . . . • (9m)(ai) \ dj Ds, m n, 1 ^ i ^ p] , n G N . 

Then there exist a natural number N and a non-zero element g £ Aj^ such that, for any n ^ N, there is an 
isomorphism 

{An+l)g^{An)g[Tl,...,TlJ 

of algebras over the localization {An)g, where the Ti 's are formal variables. 

Proof. Replacing S by its image under the homomorphism 5 — )■ yl, we may assume that this homomorphism 
is injective and 5 is a domain. Let p be the kernel of the surjective morphism of D^-algebras over S 

(f : B ^ A, ai, 

where B := S{yi , ■ ■ ■ , Vp] (Definition 3.12). Then p is a prime D^-ideal. For a natural n, put 

Bn := S[{di d,n){yi) \dj £Ds, mi^n, l^i^p]cB. 

Then we have An = Bn/ (p H Bn). Since Ds is a finitely generated projective S'-module, localizing 5 by a 
non-zero element, assume that Ds is now a finitely generated free 5-module. Let Ds = 5 • 5i . . . ® 5 • 5^. 
Then we have 

d 
q=l 

which is exactly the situation considered in [28]. 

For every L'g-polynomial f B\S,v/e define its leader, separant, and initial as in [28, Section 3.2]. More 
precisely, put 

e := {id} U {6i, ■...■6i^\l^ij^d,m^l}, M := {9yj \ 9 e Q, I ^ j ^ p} C B, 

and let the order of ■ ... ■ Si^yj £ M he m. Thus, B is the ring of polynomials in elements of M. Consider 
an orderly differential ranking on M [28, Definition 3.3], for example, the ranking that first compares the orders 
of two elements in M and then compares lexicographically the yfs and (5j's. If G M is the leader of / with 
respect to this ranking on M and / = /r^i/ + ■ ■ ■ + Iq, then the separant is Sf := df /duf and the initial If is 
Ir- Let S C p be a chai^acteristic set of p with respect to our ranking, [28, Section 6.3], and put 

W := {uf\ f eT.}, Z := {Oufl f e^, e ee, e ^ id} , X := M \{ZUW), and 9 = Yl ^f^f- 

/es 

Note that 5 ^ p, because the differential ideal p is prime. By [28, Section 6.1], for every / G p, there exists 
(7^0 such that 

9''-f = ^h,-iejir', (22) 

i 

for some hi £ B, di £ 6, fi G S, and Ui > 0, where the polynomials /ij's are free of the elements of Z. 
Let G N be such that B^ I> W, that is, N is the maximal order of the elements of W. Since the ranking is 
orderly, this implies that S C Bj\[. Further, If and Sf belong to B^ for any / G S, because they ai^e differential 
polynomials of order not exceeding A^. Hence, g £ Bn- Put 

9 ■■= V>{9)- 

We have that 5 7^ 0, because ^ ^ p as shown above. Since, again, the ranking is orderly, the localization Ag is 
generated by fiW), ^piX), and 1/g over S. Moreover, if / G S[W U X] C B is such diat (p{f) = in Ag, 
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then (22) implies that there exists q ^ such that g'^f G (S), the (non-differential) ideal generated by S. 
Therefore, 

as 5-algebras. Thus, for every 7i ^ N, we have that {An+i)g is a polynomial ring over (A„)g. Precisely, we 
have {An+i)g = {An)g[T], where T := {ip{X) n A+i) \ ^n- □ 

We use the following notation and conventions in our geometric constructions. Given morphisms of schemes 
cp : Y ^ X and it : Z ^ X, denote the fibred product Y Xx Z by ip*Z and the projection to Y by 
ip*TT : ip*Z ^ Y. Thus, there is a Cartesian square of schemes 

ip*Z > Z 

Y X. 

The morphism ip*7r is usually called a base change of vr by the morphism ip. The notation ip*Z is correct, 
provided that vr is the only considered morphism from Z to X. 

Given a morphism of schemes ip :Y ^ X and an open or closed subscheme U C Y, denote the restriction 
of the morphism if to U by ip\u. Given an open or closed subscheme W C X, denote the restriction of Y to 
W, that is, the preimage ip~^{W), by Yw, and denote the morphism (p\yw t'Y '■ W. In particular, if 

j; is a point in X, then Y^ denotes the fiber of 99 over x considered as a scheme over the residue field k{x) at x. 

Given a scheme X, denote the projection to the i-th factor by 

Pi : X X X X, i = 1, 2. 
Denote the projection to the product of the i-th and j-th factors by 

Pij : X X X X X ^ X X X, 1 ^ i < j ^ 3. 

Given a scheme X and a field F, denote the set of F-points of X by X{F). That is, an element in X{F) is a 
morphism of schemes Spec(F) — X. 

Recall that a morphism is faithfully flat if and only if it is both flat and surjective. A base change (^*7r of a 
(faithfully) flat morphism vr by any morphism Lp is (faithfully) flat. Further, if a composition of morphisms of 
schemes 

W ^ Z ^ X, 

is (faithfully) flat with A being faithfully flat, then vr is (faithfully) flat. Also, we will use the following fact. 
Lemma 6.8. Consider a Cartesian square of schemes 

(p Z > Z 

Y X. 

Suppose that ip faithfully flat and there is an open subset W C ip*Z such that the morphism {ip*TT)\w : W ^ Y 
is (faithfully) Hat and the morphism {TT*ip)\\Y : W ^ Z is surjective. Then it is (faithfully) flat. In particular, if 
(p*7r is (faithfully) flat, then vr is (faithfully) Hat. 

Proof. The morphism iT*ip : ip*Z Z is faithfully flat, being the base change of the faithfully flat morphism 
ip by the morphism vr. Therefore, the morphism 

(7rV)|iy :W ^ Z 
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is also faithfully flat, being both flat and surjective. On the other hand, the composition 7ro(7r*y3)|vK is (faithfully) 
flat, because it is equal to the composition of (faithfully) flat morphisms (/p o (</?*7r) | w ■ Therefore, the morphism 
TT is (faithfully) flat. □ 

Definition 6.9. Let G — )• X be a group scheme over a scheme X. Suppose that we are given an action of G 
on a scheme T — )• X over X, that is, a morphism a : G xx T ^ T that satisfies the group action condition. 
We say that T is a pseudo-torsor under G if the morphism 

{a,WT) -.GxxT^TxxT 
is an isomorphism, where pr^ is the projection to T. 

Lemma 6. 10. Let p : G ^ X be a group scheme over a scheme X, and vr : T — )• X be a pseudo-torsor under 
G over X. Suppose that there exists an open subset V C T such that the restriction 7r\y : V ^ X is faithfully 
Hat and the fibers of the morphism ir\v V ^ X are dense in the fibers of the morphism vr : T — )• X. Then the 
morphisms p and it are faithfully Hat. 

Proof. The morphism p is surjective because of the existence of the unit section and the morphism vr is sur- 
jective, because the morphism 7r|y is faithfully flat and, in particular, surjective. Hence one needs to show the 
flatness of p and vr. 

With this aim we construct a faithfully flat morphism :Y ^ X that satisfies the following two conditions. 
The first condition is that there is an open subset W C ip*G such that the morphism {(p*p)\w : W ^ Y is flat 
and the morphism {p*ip)\\Y : W ^ G is surjective. By Lemma 6.8, this implies that p is flat. In particular, ip*p 
is flat. The second condition ornp : Y ^ X is that there is an isomorphism ip*G = ip*T of schemes over Y, 
thus, ip*ir is also flat. Again by Lemma 6.8, this implies that vr is flat, which gives the needed result. 

Now let us construct the required morphism if : Y ^ X. We claim that Y := V, ip := vr|y, satisfies all 
conditions above. Indeed, by the condition of the lemma, (p is faithfully flat. Further, since T is a pseudo-torsor 
under G, there is an isomorphism G xx T T xx T that commutes with the right projection to T. After 
the restriction to the open subset V C T,v/e obtain an isomorphism 

Tp -.G xxV xxV 

of schemes over V. In the other notation, i/j is an isomorphism ip*G = ip*T of schemes over Y. Further, 
consider the open subset V Xx V C T xx V and put 

W := Tp-^{V xxV) C G xxV = ip*G. 

The (right) projection V xx V ^ V is flat, being the base change of the flat morphism vrjy : V ^ X by itself. 
Since tjj is an isomorphism, the projection W ^ V is also flat, that is, we obtain the flatness of the morphism 
i^*p)\w -.W^Y. 

It remains to prove that the morphism {p* ip)\w '■ W ^ G is surjective. Take a point g ^ G. We need to show 
that the fiber Wg is non-empty. Let F denote the residue field at g and put x := p{g) to be the con^esponding 
F-point of X. The point g G Gx{F) defines an automorphism of the scheme over F, which we denote by 
the same letter g. By the construction of W, we have the equality 

Wg = Vxng-^VxCTx. 

By the hypothesis of the lemma, 14 is a dense open subset in T^, whence the latter intersection is non-empty. 

□ 

Recall that an affine groupoid F acting on an affine scheme X over k is a pair {X, F), where F = Spec(yl), 
X = Spec(i?), and the pair {R, A) is a Hopf algebroid. It follows from the definition of a Hopf algebroid that 
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one has a morphism vr : F — X x X and a morphism of schemes over X x. X x X 



m : P*i2^ X (XX3) P23T pl^r. 



Moreover, the morphism 



(7n,pr) ipl^r ^(x^3)Ph^ ^ Ph^ X{xx3)P23r 



is an isomorphism, where 



pr : pi2r X(xx3) P23T pi-^r 



is the projection. Consider the restriction Fa of F to the diagonal A C X x X, that is, we have F^ = vr~^(A). 
The morphism tta : Fa — )• A = X defines a group scheme over X. Take the base change of the latter morphism 
by the projection pi : X x X ^ X and obtain the group scheme over X x X 



It follows that IT : T ^ X X X is a pseudo-torsor under G over X x X. We will need only affine groupoids 
acting on affine schemes, so, one may suppose this in the following. 

Lemma 6.11. Let it : T ^ X x X be a groupoid acting on a scheme X. Suppose that there are open 
subsets U C X X X and V C F such that for any i = 1,2, the fibers of the projection pi\u : U X are 
dense in the fibers of the projection pi : X x X ^ X, the image 7r(F) is contained in U , the morphism 
t:\v '■ V ^ U is faithfully fiat, and the fibers of the morphism t^\v V ^ U are dense in the fibers of the 
morphism -kjj : Tjj — U . Then the morphism -k -.V ^ X x X is faithfully flat. 

Proof. The idea of the proof is to construct a faithfully flat morphism tp : Y ^ X x X such that the base 
change tp*T^ : ip*T Y is faithfully flat and to conclude by Lemma 6.8. We are going to define the morphism 
as a composition of two faithfully flat morphisms. First, consider the open subset 



Since the open embedding W ^ X x X x X and the projection pi^ : X^"^ — )• X^^are both flat, their 
composition pislvi/ : W ^ X x X is flat as well. Let us show that the morphism pislvi^ is surjective. Take a 
point z on X X X. We need to show that the fiber Wz is non-empty. Let F denote the residue field at z and put 
■= Pi{z) to be the con^esponding F-points in X. By the construction of W , we have the equality 



where := Pi {x) n U, '■= P2 (x) n U, and Xp := X x Spec(F). By the condition of the lemma, 
the open subsets xi U and are dense in Xp, whence their intersection is non-empty. We conclude that the 
morphism 



is surjective, whence it is faithfully flat. 

Secondly, consider the morphism p^^tt : P23F X x X x X and put Y := (^23^)1^- Let us show that the 
morphism (P23^)iy -Y^Wis faithfully flat. There is a Cartesian square 



p:G^XxX, p:=pI{7ta), G:=pl{rA). 



W := U XX U = {U X X) n (X X U) C X X X X X. 



Wz =xJJ n c Xk 



Piz\w -.W ^ X X X 



V 



TT 



X X X xX 



^ XxX. 
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Changing X x X hy the open subset U, we obtain a Cartesian square 

Y > Tu 



■KlJ 



w u. 



Hence, it is enough to show that the morphism -ku : Tu 
scheme 



U is faithfully flat. With this aim, consider the group 



p:G = pl{T/^)^XxX 



as in the discussion before the lemma. Take the restrictions Tu = 7r~^([/) and Gij = p~^{U). Note that the 
group scheme pu : Gu — ^ U over U, the pseudo-torsor ttu : Tu ^ U under Gu, and the open subset V cTu 
satisfy the hypotheses of Lemma 6.10. Therefore, the morphism ttu ■ Tu — )■ f/ is faithfully flat, whence the 
morphism {P23'^)w -Y^Wis faithfully flat as explained above. Put 

^ ■= Pislw ° {Ph'^)w - Y ^ X X X. 
The morphism ip is faithfully flat, being a composition of faithfully flat morphisms. 

Now let us prove that the morphism ip*7r : ip*T — y is faithfully flat. For this, we use another equivalent 
constructions of the morphism 93* tt. Consider the diagram of Cartesian squares 

^^23^ X(xx3)p^3r > pI^^t > T 



> X X X X X 



Pl3 



^ X X X. 



This gives the diagram of Cartesian squares 

w 



w 



Y 



iP23^)w 



{Ph^' 



w 



> X xX. 



Since ip*T = {p2^tt)'^{pi3\w)*T, we obtain that 



ip*T = {pl,T)^ xw iph'T) 



w 



and the morphism in question ip*7r : ip*T — Y coincides with the projection 

Pr : iPi3'^)w iph'^)w iPh'^)w 
So, we are reduced to show the faithful flatness of the morphism pr. 

Since {X, T) is a groupoid, there is an isomorphism p*2r x^^xx'-^) P23^ ~^ Pi3^ ^{x^^) P23^ schemes 
over ^23^ (see the discussion before the lemma). Thus, there is an isomorphism 

iPl2'^)w {P*23'^)w iPl3'^)w fer)^/ 

of schemes over {P23^)w ^^^^ shows that faithful flatness of the morphism pr is equivalent to the faithful 
flatness of the projection 

pr' : ipl2T)yi, Xw iP23^)w iP23^)w 
Finally, the morphism pr' is the base change of the faithfully flat morphism ttu '■ Tu — >• C/ by the composition 

iPh-^)w 



iPh^)w 



^ w u. 



Therefore, the morphism pr' is faithfully flat, which finishes the proof. 



□ 
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Lemma 6.12. Let ijj : G' ^ G he a morphism between group schemes of finite type over a sctteme X, let 
IT : T ^ X be a pseudo-torsor under G, tt' : T' ^ X be a pseudo-torsor under G' , and let if : T' ^ T be a 
morphism compatible with tjj in the following sense: the diagram 

G' xx T' > r 

GxxT > T 

commutes. Let V C T be an open subset and put V' := ip^^{V). Suppose that the fibers of the morphism tt\v ■ 

V ^ X are dense in the fibers of the morphism it : T ^ X and the morphism ip\v' V ^ V is surjective. 
Then the fibers of the morphism tt'\v' ■ V ^ X are dense in the fibers of the moiphism tt' iT' ^ X. 

Proof. First, we reduce the lemma to a question about algebraic groups. Since the needed result is fiber-wise 
and all data in the lemma are stable under a base change, we may assume that X = Spec(F), where F is a 
field. Further, it is enough to show the density after the extension of scalars to the algebraic closure of F, thus, 
we assume that F is algebraically closed. Taking an F-point t' on T' and the point t := (p{t') on T, we obtain 
isomorphisms G' T' and G T that send ip to tp. 

Therefore, we may assume that T' = G' and T = G. Finally, we may assume that the schemes G and G' 
are reduced. Summarizing, we have a morphism of algebraic groups ip : G' ^ G and an open dense subset 

V C G such that the morphism ^p\v' : V ^ V is surjective, where V = V'~^(V^)- We need to show that V' is 
dense in G'. 

The image of the morphism is a closed subgroup in G (for example, see [60, Proposition 2.2.5]). On 
the other hand, this image contains the dense subset V, because the morphism i/j\v' : V ^ V is surjective. 
Consequently, the morphism tjj is surjective. It follows that all irreducible components of the fibers of iJj have 
the same dimension d := dim(G') — dim(G). 

Since y C G is a dense open subset and all irreducible components of G have the same dimension dim(G), 
we see that all in^educible components of the closed subset Z := G\V C G have dimension strictly less than 
dim(G). Therefore, all iiTcducible components of the closed subset iIj~^{Z) C G' have dimension strictly less 
than d + dim(G) = dim(G'). Since V' = and all irreducible components of G' have the same 

dimension dim(G'), we conclude that V is dense in G' , which finishes the proof. □ 

6.3 Proof of Proposition 6.5 

We are now ready to give a proof of Proposition 6.5. We use the geometric notation from Section 6.2. 

Proof of Proposition 6.5. We will localize the ring R over a finite set of non-zero elements and then prove that 
the corresponding localization of A is faithfully flat over the obtained localization of R (8)^ R. 

Let {ai} be a finite set of -generators of A over R(^k R and put Aq to be the {R i?)-subalgebra in 
A generated by the set {at]. Since L := Frac(i2) is a field, by [10, 3.7, 3.8] (see also [67, §3.3]), the images 
of afs in lAl are contained in a Hopf subalgebroid of (L, l-^l) finitely generated over L ®k L. Therefore, 
localizing i? by a non-zero element and enlai^ging the finite subset {ai} C A, we obtain that {R, Aq) is a Hopf 
subalgebroid in {R, A). For each natural n, put An to be the (i?C5A:^)-subalgebra in A generated by all elements 
of the form {di ■ . . . ■ dm){ai), where dj G and m ^ n. Since iR,A) is a differential Hopf algebroid, it 
follows that (i?, An) is a. Hopf subalgebroid in {R, A) for all 7i. Put 

X := Spec(i?), r := Spec(^), r„ := Spec(^„). 

Denote the groupoid morphisms by 7r„ : r„ — X x X. 

Since A is D^-finitely generated over k, we see that T has finitely many iiTcducible components [33, The- 
orem 7.5]. Applying Lemma 6.7 to each ineducible component of T, we see that there exist a natural number 
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N and an affine dense open subset Wj\f C Tn such that for any n ^ N , the morphisms tpn\wn '■ — ^ Wn 
are faithfully flat, where Wn := y^n^iWN) and : r„ — )• Fjv are the morphisms that arise in the projective 
system formed by r„. 

Since char A; = and is a domain, the ring (8)^ i? is reduced. Since the morphism ttnIwn '■ — ^ 
X Xfc X is of finite type, by the generic flatness (for example, see [31, Proposition 7.91.7]), there is a dense 
open subset U C X Xj^ X such that the morphism vTTvlviv • U is flat and of finite presentation, where 

we may also assume that vr^rlv^ is faithfully flat. It follows that the 
morphisms vr„|y„ '-Vn^U are faithfully flat, where Vn := ip~^ (Vn), n ^ N . 

By [23, 9.5.3], replacing U with a dense open subset, we obtain that the fibers of the morphism ttnIvj^ '■ 
Vn — )• [/ are dense in the fibers of the morphism (7r7v)c/ : (rN)u — ^ U, because Wn is dense in r„. Since 
R(>^k R has finitely many irreducible components [33, Theorem 7.5], we may assume that U is an affine dense 
open subset in X Xk X. Localizing i? by a non-zero element, we obtain that for any i = 1, 2, the fibers of the 
projections pi\ij : U — X are dense in the fibers of the projection pi : X Xf. X ^ X (by the extension of 
scalai^s, this follows from the analogous statement about irreducible varieties over fields). 

For each n, put Gn '■= J'i((rn)A), where A C X X is the diagonal. Then r„ is a pseudo-torsor under 
the group scheme G„ over X Xk X. The morphism of group schemes ipn : Gn Gn induced by tpn is 
compatible with the morphism of pseudo-torsors : r„ — )• Fn in the sense of Lemma 6.12. Since the fibers 
of the morphism ttnIvn '■ U aie dense in the fibers of the morphism {■7Tn)u '■ (^n)u — ^ U, we see 

that, by Lemma 6.12, the fibers of the morphism vr„|v^ : Vn — )■ U are dense in the fibers of the morphism 
(7r„)(7 : {Tn)u U. 

We obtain that, for every N, the groupoid ^ X x^ X and the open subsets Vn C T,U C X x^ X 
satisfy all hypotheses of Lemma 6.11 (which is also true for schemes over a field k with the product of schemes 
taken over k). Therefore, the morphism vrn is faithfully flat. In other terms, the ring An is faithfully flat over 
R (8)fc R. Since A = Un^"' where An C An+i, we conclude that A is faithfully flat over R R, which 
finishes the proof. □ 

7. Proofs of the main results 

7.1 Proof of Theorem 2.5 

We use the notation from Theorem 2.5. Let AI be a finite-dimensional D;^//^. -module over K. Consider a D^- 
structure on Y)'Mod{K, Dj^/i^) as in Theorem 5.1. Let C be the subcategory {M)(^,£, in DMod [K,DK/k) 
-tensor generated by M (Definition 4. 19). By Theorem 5.5, to prove the theorem, it is enough to construct a 
differential functor from C to Vect(A;), which is our goal in what follows. 

First, we would like to apply Theorem 4.27 to the forgetful functor C — > Vect(i^) and, thus, obtain a D^- 
Hopf algebroid. The problem here is that, a priori, there is no D^-structure on K. To overcome this, the splitting 
Dk is introduced in the hypotheses of the theorem (see also Remai^k 2.7). This allows to switch between the 
Dfc -structure on C and the Da' -structure on K as follows. 

The morphism of differential fields {k, Dk) — )■ ^A;, Dk^ defines a D^-structure on C by Proposition 4.12 (i). 

Denote the category C with this D^-structure by C. Thus, the identity functor 

C 

is a differential functor from a D^-category C to a D^-category C. By Theorem 5.1, the forgetful functor is 
a differential functor from the L>yfc-category C to the -category Vect(A'). Apply the extension of scalars 
along the vertical morphisms of the diagram from Remark 3.16 to the forgetful functor C — > Vect(i^). By 
Proposition 4.12 (ii), we obtain a differential functor lo from the Dfc -category C to the D/< -category 'Vect{K) 
(the latter category is with the usual L'x-sti"ucture as in Example 4.7). Recall that Dk = K ®k Dk and K is a 
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L>/; -field over k. Thus, we have a differential functor oo : C ^ Vect(il') between L'jt-categories. 

By Theorem 4.27, there exists a D^-Hopf algebroid {K, H) over k such that H is faithfully flat over K^^K 
and 00 lifts up to an equivalence of Dfc-categories 

C Couiod^s {K,H). 

Since C is D^-tensor generated by one object, the -category C is also Dj^ -tensor generated by one object. 
Hence, Proposition 4.28 and the proof of Theorem 4.27 imply that H is -finitely generated over K (8)^ K. 
We apply Theorem 6. 1 to {K, H) and obtain the corresponding Hopf algebroid {R, A). The extension of scalars 

K(g)R- : Comod^9(i?, A) Comod^^(K, H) 

is a differential functor between -categories (Example 4.10 (iii)). The forgetful functor 

Couiod^s {R, A) Mod{R) 

is a differential functor, where we consider the D/j-category structure on Mod(i?) with Dji := ii®^ Dk 
(Example 4.10 (ii)). 

We have that R is D^-finitely generated over k, the moiphism (^R, DrJ — > ^A', Dk^ is strict, where 
Dk '■= K ®k Dk, and {k, D^) is relatively differentially closed in (^K, Dk^ by the hypotheses of the theorem. 
Therefore, there is a morphism of differential rings (^R, Djij — )• {k, DjS). This defines a differential functor 

Mod(i?) ^ Vect(fc), N^k®RN 

from the I)/j-category Mod(i?) to the -category Vect(A;) (Example 4.10 (i)). Summarizing, we obtain a 
collection of differential functors 

C^C ^ Comod^^^(K, H) i^®''^ Comod^f (i?, A) Mod(i?) ^ Vect(A;). 

Since A is faithfully flat over R ®k R, the extension of scalars functor K ^r — is an equivalence of categories 
(see [10, 1.8,3.5] and also Section 9.1). All together, this defines a differential functor from C to Vect(fc), which 
finishes the proof. 

7.2 Proof of Theorem 2.8 

We need the following simple facts. 

Lemma 7.1. Let Y be an irreducible variety over a field k^ with char ko = 0, k be a field extension of ko, 
and let Kq := kQ{Y). Suppose that k^ is existentially closed in Kq. Then, for any non-empty open subset 
U C X := y Xfcg A;, there exists a k^-point y onY such that the k-point x := y x^^^ k of X belongs to U . 

Proof. First note that if the lemma is proven for an extension k' of k, then this implies the lemma for k. 
Thus, replacing k by its extension, if needed, we may assume that k^ = /cq, where T is the group of all field 
automorphisms of k over k^, because char /cq = 0. For a non-empty open subset U C X, take its complement 
Z := X\U and consider the intersection 

Z' := n ^{Z). 

The closed subvariety Z' C X is invariant under T, therefore there exists a closed subvariety W C Y such that 
Z' = Xfcy fc. Moreover, W y^Y, because Z' d Z ^ X. Put V := Y\W, which is a non-empty open subset 
in Y. Since ko is existentially closed in Kq, there exists y G V{kQ). This defines a fc-point x := y Xj^^^ k in X. 
If X e Z{k), then x G a{Z{k)) for any G F. Thus, x G Z'{k), which contradicts to the fact that y is not in 
W. Hence, we obtain that x belongs to U. □ 
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Lemma 7.2. Let k C K be a field extension and letipi, . . . ,(pn ■ k ^ k be maps that are linearly independent 
over k. Then ipi, . . . ,ipn are linearly independent over K considered as maps from k to K. 

Proof. Since , . . . , are linearly independent over k, the image of the map 

^,k^k®^, /^(V9i(/),...,99„(/)), 

spans all /c®" over k. Therefore, the image of the composition of <I> and the natural embedding fc®" C K®^ 
spans all K®" over K,so, ipi, . . . , (pn are linearly independent over K. □ 

Lemma 7.3. Let K be a Dk-held over a differential field {k, Dk) with char k = such that K is of finite 
transcendence degree over k. Then any finite subset C K is contained in a Df^-subalgebra R in K over k that 
is finitely generated as an algebra over k. 

Proof. Let L be the D^-subfield generated by S in K. It follows from [36, Theorem 5.6.3] that L is a finitely 
generated field over k. Hence, there exists a finite set 5 C L such that S C 5 and L = k{S). It now follows 
from differentiating fractions that R := k[S U 1/T] C satisfies the requirement of the lemma, where T C K 
is the set of the denominators of Dk{S). □ 

Now, we prove Theorem 2.8 using its notation. Suppose that condition (i) of the theorem holds. Then the 
structure map identifies Df. and 1 Cg) D^, where is given in condition (i). Hence, {k,DiS) — (ji^Df^^ is 
an isomorphism and is a D^-field. Let i? be a D^-finitely generated subalgebra in K over k. We need to 
show that there is a morphism of D^-algebras R ^ k.By Remark 2.9(i), we have K = Frac [Kq ®fe„ k). Let 
{oi/^j} be a finite set of -generators of R over k with ai,bi € Kq k. Let Rq be the subalgebra in Kq 
generated over k by the ii'o -components of summands in a/s and 6j's and put / := Hi Since Kq is the field 
of -constants, Rq is a Dj. -differential subalgebra in K over k. Hence, R is contained in the localization 
[Rq k)j. By Lemma 7.1 applied to 



Y := Spec(iio), U := Spec [^{Rq (^ko ^)/^ 

there exists a A;o-point y on Y{kQ) such that the fc-point x := y xi^^ k of X belongs to U. The point x defines 
a moiphism of fc-algebras f : R ^ k. The kernel of / is generated by D^-constants in R, because Kq = K^''. 
Therefore, / is a moiphism of Dfc-algebras, and (fc, Dk) is relatively differentially closed in (K, K ®k D^) = 

(k, K ®fc Dk 



Now suppose that condition (ii) of the theorem holds. Our first goal is to construct a splitting Dk of (A', Dk) 
over (A:, Dk) such that the natural map K ®k Dk — >■ Dk is an isomorphism. With this aim, we consider the 
"effective" quotients 

Df := lm(0x : Dk ^ T)ei{K, K)), Df := lm{9k : Dk Ber{k, k)) 

of the differential structures Dk and Dk, respectively. It follows from Lemma 7.2 that the natural map 

K (g)k Df Dev{k, K) 

is injective. Therefore, the composition 

Dk ^ Kc^kDk^ K 0k Df 
factors through Df, that is, we have a commutative diagram 

Dk > K®kDk 



Df > K®kDf. 
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Hence, {K,Df) is a parameterized differential field over (fc, D^^). By condition (ii) of the theorem, we have 
an isomorphism 

Consequently, the natural /C-linear morphism 

DK/k = Ker {Dk ^ K 0k Dk) ^ Ker (l^f ^ K 0k Df^ C Derfc(K, K) 
is an isomorphism. It follows that there is an isomorphism 

Dk = Df X ^K^Df) ®kDk). (23) 

Take commuting bases in and D'^ from Proposition 3.18. Put D"^ to be the A;-linear span of the basis in 
Df. Then Df is a sphtting of {K, Df) over {k, Df) such that Df ^ K 0k Df. Put 

Dk:=Df x^^nDkCDK- (24) 

k 

Since taking effective quotients is a morphism of Lie rings and by formula (3) from Section 3.2, we have that 
Dk is closed under the Lie bracket on Dk- Thus, Dk is a splitting of {K, Dk) over {k, Dk). Comparing (23) 
and (24), we see that K0k Dk = Dk- Note that, in this case, dimfc ^^fe) = dimi<'(Z)i^), while in the previous 

case (condition (i) of the theorem) dinifc [Dk] could be less than dimA'(-Di^). So, in this case, Dk could be 



'much larger". Put 

D := Ker ( Dk ^ Dk 



Then we have K 0k D = DK/k- 

Let {R,Dii) be a differential subalgebra in {K,Dk) over {k,Dk) such that the morphism {R,Dr) — )• 
(K, D/^) is strict and {R, Dr) is differentially finitely generated over k. Extending by a finite number of 
elements from K, we obtain that Dr = R0k Dk and i? is a -finitely generated Z)fc-subalgebra in K over 
k. Since dmiK{DK/k) = dimfc(Derfc(i^, A')) is finite, K is of finite transcendence degree over k. Hence, by 
Lemma 7.3, we may assume that R is finitely generated as an algebra over k. By the hypothesis of the theorem, 
we have DK/k — ^^^k{K, K). Since charfc = and R is finitely generated, localizing ii by a non-zero 
element, we may assume that R is smooth over k and 

R0kD^ I)eik{R,R)- 

Since k is existentially closed in K, there is a homomorphism / : i? — )• /c of /c-algebras. We claim that / 
extends to a morphism of differential algebras {R, Dr) — {k, Dk) over (A;, Dk). By definition, to prove this, 
we have to construct a morphism of Lie rings s : Dk — )■ Dk = k 0r Dr such that, for all d € Dk and a ^ R, 
we have 

d{f{a)) = f{s{d){a)). (25) 

We claim that, for any d G Dk, there is a unique s{d) G Dk that satisfies (25). Indeed, consider the derivation 
S from R to itself defined as the composition 

R — ^ k — ^ A; > R 

and consider any d € such that § is sent to 5 by the surjective map Dk — )■ Dk. The difference — 9k (^d 
is a fc-linear derivation from R to itself, that is, it belongs to R 0k D = Derk{R, R). Put 

s{d) ■.= d + f{6-eK{d 

where / denotes also the map 

R0kDk Dk- 
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By construction, s{d) satisfies (25). Tlie uniqueness of s{d) follows from the fact that if s{d) and in 
satisfy (25), then s{d) — s{dy belongs to Ker (^R <Sik Dk ^—^ D]^ , whose intersection with 1(8) -Dfc is trivial. By 

construction, the obtained map s : Dk — > is A;-linear. The uniqueness of s{d) implies that s is a morphism 
of Lie rings: given 5i, ^2 G Dk, the commutator [s{di), s{d2)] satisfies (25) with d = [di,d2]- This shows that 
(/c, Dk) is relatively differentially closed in [K, Dk) = (^K, K ®k D]^ . 

8. PPV extensions with non-closed constants 

In this section, we discuss two aspects of PPV extension for parameterized differential fields over an arbitrary 
differential field (A;, D^) (in contrast to the usual assumption [8] that {k, Dk) is differentially closed). 

8.1 Galois correspondence 

We establish the Galois coiTcspondence for PPV extensions. Basically, we use the classical differential Ga- 
lois correspondence for PV extensions. Also, we use the differential Tannakian formalism, in particular. Theo- 
rem 5.5. 

First, let us recall several notions concerning differential algebraic groups. Let (fc, Dk) be a differential field 
and G be a linear D^-group, that is, G is a group-valued functor on DAlg(A;) corepresented by a -finitely 
generated D^-Hopf algebra U over k. A D^-subgroup H in G is a corepresentable group subfunctor H in G 
on the category DAlg(A;). By [67, Theorem 15.3], this con^esponds to a surjective morphism U ^ V between 
Z)fc-Hopf algebras over k. Hence, is a linear D^-group. Suppose that G acts on a D/j-algebra A, that is, we 
have a morphism of D^-algebras m : A ^ A^^U that satisfies the axioms of a comodule over a Hopf algebra. 
Let A be a domain and L := Frac(A). We put 

L'^ := {a/b £ L\a,b £ A, b ■ m{a) = a ■ m{b)} . 

It follows that is a D^-subfield in L. 

Let {K,Dk) be a parameterized differential field over {k,Dk) and let M be a finite-dimensional D^/^' 
module. Suppose that there exists a PPV extension L for M. 

Definition 8. 1. The parameterized differential Galois group of L over K is the group functor 

Gal^'' (L/K) : BAlg{k, Dk) ^ Sets, R ^ Aut^'' {R (g)k A/ R (g)k K), 

where ^ is a PPV ring associated with L (Definition 3.28) and we consider a D/^-structure on the extension of 
scalars Rd^k K as given by Definition 3.23. 

Lemma 8.2. The functor Gal^^'-' (L / K) is corepresented by a D^-finitely generated D^-Hopf algebra, that is, 
is a hnear Dk-group. 

Proof. By Theorem 5.5, the PPV extension L corresponds to a differential functor 

Lo : {M)^^D Vect(A:). 

By Remark 5.6, the functor Gal^^(L/i^) is canonically isomorphic to the functor 

DAlg(A;,L»fc) Sets, R ^ Isom®'^(a;i?, a;/?). 

By Proposition 4.25, the latter functor is corepresentable by a D^-Hopf algebra U over k. By Proposition 4.28, 
U is Dfc-finitely generated. □ 

Note that one can also prove Lemma 8.2 more explicitly without using the Tannakian formalism. 
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Remark 8.3. It follows from Proposition 4.25, Theorem 5.5, and [10, 9.6] that L is a union of (possibly, in- 
finitely many) PV-extensions defined by the Z)^/;, -modules (At^)°* (M) and Gal^^(L/K) with forgotten 
Dfc -structure is the differential Galois group 

Recall the differential Galois con^espondence in the case of arbitrary constants from [16, Section 4]. Given 
a Hopf algebra U, an algebraic subgroup Spec(V^) in Spec([/) corresponds to a surjective homomorphism 
between Hopf algebras U ^ V. 

Proposition 8.4. There is a bijective correspondence between algebraic subgroups H c Gal^^^'/'^ {L/K) and 
Dx/k-subfields K <Z E <Z L given by 

H^E:=L", E ^ H ■.= Gal^^/''{L/E). 
The Galois correspondence in the parameterized case is as follows. 

Proposition 8.5. There is a bijective correspondence between Dk-subgroups H c Gal^*' (L/J^) and Dk- 
subfields K C E C L given by 

H^E:=L^, E^ H :=Gal^''{L/E). 

Proof. By Proposition 8.4 and Remark 8.3, we only need to show that an algebraic subgroup 
is a Dfc-subgroup in Gal^'^ (L/K) if and only if the corresponding D/^/^-subfield 
E C Lisa. Dx-subfield. Suppose that is a Di^-subfield. Then L is a PPV extension for the Dg-module AIe 
over E, where De ■= E Dk. Therefore, the corresponding Galois group H has a canonical D^-structure 
and corepresents a group subfunctor in G on DAlg(A;) given by Definition 8.1. Thus, i/ is a D^-subgroup in 
G. 

Conversely, suppose that if is a D^^^-subgroup in G := Gal^''^ {L / K). Consider the extension of scalars 
Gk from (/c, D^) to {K, Dk) for G (Definition 3.23). We have a L)/^-subgroup Hk in Gk- By the adjunction 
between restriction and extension of scalai^s (Definition 3.37) and Definition 8.1, Gk acts on the -field L 
over K and = L^^^'. By Proposition 8.4, we have E = , whence, E is an D/^-subfield in L. □ 

The proof of the normal subgroup case uses the differential Tannakian formalism. 

Proposition 8.6. Under the correspondence from Proposition 8.5, a normal D^-subgroup H corresponds to 
a PPV extension E over K and we have an isomorphism of D^-groups 

Gal^'^ {L/K)/H ^ Gal^"'' (E/K). 

Proof. For short, put G := Gaf'^ {L/K). Let oj : (M)^,d Vect(A;) be the differential functor that 
corresponds to the PPV extension L by Theorem 5.5. It follows from Theorem 4.27 and the proof of Lemma 8.2 
that u Ufts up to an equivalence of Dfe -categories 

(M)55,z) ^Rep/f(G). (26) 

Let H he a normal D^-subgroup in G. Then Kep^^ (G/H) is a full Dfc-subcategory in Rep^^?(G). By [7, 
Proposition 15], G / H is a linear- L'fc-group, that is, there is a faithful finite-dimensional representation oiG/H 
over k. Let be the corresponding L'/^/fc-module over K under the equivalence (26). Taking the restriction 
of uj to the subcategory {N)^^d in {M)^^d, by Theorem 5.5, we obtain a PPV extension E for A^, which is 
embedded into L as a D^-subfield. Moreover, by construction, we have an isomorphism 

G/H ^ Gsl^'^iE/K). 

We need to show that E is the subfield in K associated with H by the Galois correspondence, that is, E = 
L^ . By Proposition 8.5, it is enough to show the equality Gal^^(L/£^) = H. It is implied by the fact that 
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Gal^^ (L / E) is the kernel of the restriction homomorphism 

Gal^^^-(L/i^) = G^ Gal^'^ (E/K) = G/H. (27) 

Conversely, if is a PPV extension of K in L, then H := Gal^^(L/£') is the kernel of the group homomor- 
phism (27), whence H is normal. □ 

8.2 Extension of constants in parameterized differential fields 

Now let us consider the behavior of PPV extensions and the corresponding differential categories under ex- 
tensions of the differential field {k, Dk). Let {K, Dk) be a parameterized differential field over {k, Dk) with 
char k = 0. Let / be a 1?^ -field over k (Definition 3. 12). In particular, we have a differential field (/, Di) with 
Di := I ®k Dk- Since char k = 0, the field k is algebraically closed in K and the ring 

is a domain (for example, see [30, Corollary 1, p. 203]). Denote the fraction field of R by L. By Definition 3.23, 
i? is a D^'-algebra over K. Therefore, L is a Dx-field over K and we have moiphisms of differential rings 

Di) — > {R, Dr) — ^ (L, Dl), where Dr := R ®k Dk and Dl := L <^k Dk- Also, we have 

Dr/i := Ker{Dn ^ R<S)i Di) ^ R<S)k DK/k = I ®k DK/k, D^/i := Ker(i?L ^L®iDi)^L ®k Dk/u, 
because the functors R ®k — and L ®k — are exact. 

Lemma 8.7. The DK/k-^lgehra R over K has no non-zero DK/k-^deals besides R itself. 
Proof. Let / be a non-zero Dx/fc"ideal in R and consider 

n 

/ / G /, with f = ^Ci(g)fi, Oy^ael, Oy^fiEK 

i=l 

such that ci . . . , c„ ai^e linearly independent over k. Suppose that / has the minimal possible number 7i among 
all non-zero elements in /. Take any d G DK/k- Since df G /, we have 

g:={l^fi)df-{l^dfi)f el. 

On the other hand, 

n n 

df = ^Ci(g) dfi, hence, = ^ q (g) (fidfi - dfi fi) 

i=l i=2 

has less summands than /. Therefore, g = 0. Since ci, . . . , are lineai^ly independent over k, we obtain that 
d(^j^^ = for alH = 2, . . . , n and for all d G DK/k- Hence, hi := € k = k'^k/h ^nd we have 

/ = 

Therefore, / is invertible in R and I = R. □ 

Lemma 8.8. Let P and P' he DR/i-modules over R such that P is a finitely generated R-module and let 
(f) : Pl ^ P'^ he a morphism between the corresponding differential modules over {L,Di/i). Then we have 
(f){P(^l) C P'(g)l. 

Proof. Consider the subset I C R that consists of all / G i? such that, for all G P (8> 1, we have / • 0(f) G 
P' (8) 1. It is readily seen that / is an ideal in R. Moreover, since the module P is finitely generated over R, 
the ideal / is non-zero. Take any d G DK/k- Since the P-submodule P (8 1 C Pl is stable under d and is 
L-lineai" and commutes with d, for all / G I and f G P (8) 1, we get 

df ■ 4){v) = d{f • (t>{v)) - f ■ cp{dv) G P' 1. 
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Hence, / is a non-zero Dj^/j^-idea\ in R. By Lemma 8.7, we conclude that I = R, which gives the needed 
statement. □ 

Corollary 8.9. For all finite-dimensional Dx/k-^odules M and M' over K, the natural map 

I (^k Homz)^/^ (M, M') ^ Homz)^/^ {Ml, M'^) 
is an isomorphism, where, for a differential ring {A, D^), Hom/5^(— , — ) denotes morphisms between differ- 
ential modules over {A, Da)- In particular, we have I (g)fc M^'^/'^ = M^^'^ and I = L^^/'. 
Proof. First, by Lemma 8.8 with P = Mr and P' = M'^, the natural morphism 

HomD^/, [Mr^M'li) HomD^/, {Ml,M'l) 

is an isomorphism. Since Dr^i = I (g)^ D/^/^ acts trivially on / and Mr = I (g)^. M, we have canonical 
isomorphisms: 

RomD^^,{MR,M'ji)=RomR{MR,M'jif^/' ^ (/ ®fc Homi^(M, M'))'®'''^/' = / C5/c HomD^/,(M, M'). 

□ 

Thus, we see that (L, Dl) is a parameterized differential field over (/, Di) and that there are no non-trivial 
new solutions over L of lineai^ D^^//^. -differential equations given over K. The following result is implied di- 
rectly by Corollary 8.9 (more precisely, by its last assertion / = L^^/'). 

Corollary 8.10. Let M be a finite-dimensional Dx/k-module over K, Ebea PPV extension for M, and let 
Abe the Dk-Hopf algebra of the parameterized Galois group of E over K . Then the D^-field F := Frac{l^kE) 
is a PPV extension for Ml and the Di -Hopf algebra of the parameterized Galois group of F over L is Ai . 

By Theorem 5.5, Corollary 8.10 also follows from the following categorical statement, which makes sense 
without the assumption of the existence of a PPV extension (or, equivalently, the existence of a differential 
functor) and has interest on its own right. 

Proposition 8.1 1. Let M be a finite-dimensional D^ii^-module over K. Then the differential functor from 
a Dk-category over k to a Di-category over I (Definition 4.19, Proposition 4.12, and Theorem 5.1) 

{M)^,D ^ {Ml)®,d, X^Xl 

induces an equivalence Di-categories 

$ : / ®fe (M)^,z) ^ {Ml)^,d- 

Proof. It is known that Hom-spaces in the extension of scalars category / (i^k {M)^^d are obtained by taking 
I <8'fc — from the Hom-spaces in the category {M)(^,l) ([44, p.407], [61]). Thus, it follows from Corollary 8.9 
that $ is fully faithful. Let us show that $ is essentially surjective. Any object N in {Ml)(^,d is a subquotient of 
Ql for some object Q in {M)^^l), that is, there are Dj^/^-submodules Ni C N2 C Ql such that = N2/N1. 
Indeed, this is true for Ml and also this property is preserved under taking direct sums, tensor products, duals, 
subquotients, and the functor At^. Put 

Pi := A^i n (/ ®fc Q) C Qi, i=l, 2, and P := P1/P2. 

We have 

= lir^ {Pir\{V®kQ)), 
V 

where the limit is taken over all finite-dimensional over k subspaces V in /. Recall that objects in / 0^ {M)^^l) 
are /-modules in the category of ind-objects in {M)^^l) ([44, p.407], [61]). Therefore, Pj and P are objects in 

/ (g)fc {M)^^L>- Finally, *(P) = A^, because L = Frac(/ (g)fc K), whence L^rP = N. □ 
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9. Appendix 

Here we recollect several known definitions and results and fix some notation that we extensively use in the 
paper. 

9.1 Hopf algebroids 

There are many references concerning Hopf algebroids, for example, see [10, 1.6,1.14]. Also, the book [31] is 
very useful. A Hopf algebroid is a pair of rings (ii, A) with the following data and properties. First, there are 
two ring homomorphisms I : R ^ A and r : R ^ A, that is, A is an algebra over R^ R.ln particular, A is an 
i?-bimodule with the left and the right i?-module structures given by the homomorphisms / and r, respectively. 
Further, there are morphisms of algebras over R^ R: 

A: A^ A(S)rA, e:A^R, i : A ^ A'' . 

According to our notation, the tensor product A^rA involves both left and right /^-module structures on A. The 
ring R is considered as an algebra over i? (8) i? via the multiplication in R. In particular, we have the identities 
e o I = idji and e o r = id/j. Also, A^ denotes the same ring A with the right and left iZ-module structures 
being the initial left and right i?-module structures on A, respectively, that is, we have i{l{f)a) = i{a) r{f) 
and z(a r(/)) = l{f)i{a) for all / G i?, a G A. The morphisms (/, r, A, e, i) should satisfy the following set of 
axioms, which ai^e similar- to the axioms in the definition of a Hopf algebra. The coassociativity axiom requires 
the equality of the compositions 

A > A®rA ; A®rA®rA. 

idA ®A 

The counit axiom requires that both compositions 

A A^rA I A 

are equal to the identity. Finally, the antipode axiom requires that the following diagrams commute: 

A — ^ A(E)rA a — ^ A(E)rA 



R A, R A. 

In particular, it follows that i is an involution and that e o ^ = e. Also, i is uniquely defined by A and e. Note 
that a Hopf algebroid {R, A) with / = r is the same as a Hopf algebra A over R. 
A Hopf algebroid {R, A) defines a Hopf algebra B over R by the formula 

B ■.= R ®[R^R) A. 

Further, by the extension of scalars, B defines a Hopf algebra B ® R over R® R.lt follows from the definition 
of a Hopf algebroid that Spec(74) is a pseudo-torsor under the group scheme Spec(i? Cgi R) over Spec(i? (8> R) 
(for example, see Definition 6.9). 

A Hopf algebroid over a ring k is a Hopf algebroid (i?, A) such that A and R are K-algebras, the mor- 
phisms / and r are morphisms of K-algebras and the morphisms (A, e, i) are morphisms of algebras over R®i^R. 
In this case Spec(A) is a pseudo-torsor under the group scheme Spec(ii B) over Spec(ii R), where B 
is defined as above. 

A comodule over a Hopf algebroid (i?, A) is an i?-module M together with a morphism of ^d-modules 

EM ■■ M ®rA^ A^rM 
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that satisfies two axioms, whicli are similar to tiie axioms in the definition of a comodule over a Hopf algebra. 
The first axiom requires the equality R ®a (-m = idM. where the A-module structure on R is defined by the 
ring homomoiphism e : A ^ R and we use that 

R (g>A {M (E,jiA)^R (g)A (A (^R M) ^ M. 

The second axiom requires the equality of the composition 

M(^rA®rA a ®r M ®r a ^^31^ A®rA®rM 

to the extension of scalars 

{A ®R A) ®A (-M : M ®rA®rA^ A®rA®rM, 
where the y4-module structure on A ®r A is given by the ring homomorphism A and we use that 

[A®rA)®a(M ®rA) = M ®rA®rA and {A®r A) ®a(A®rM) = A®r A®rM. 

One proves that ej\/ is an isomorphism. By adjunction between extension and restriction of scalars, one obtains 
a left ii-linear morphism cjiM : M ^ A 0r M and one can give an equivalent definition of a comodule in 
terms of (pM- Denote the category of comodules over a Hopf algebroid {R, A) by Comod(i?, ^4). Denote the 
full subcategory of comodules over {R, A) that are finitely generated as ii-modules by Comod'^^(ii, A). 

Remark 9.1. Given a Hopf algebroid {R, A) over a ring k, the pair (Spec(74), Spec{R)) defines a category Q 
fibred in groupoids over K-schemes. A comodule over {R, A) is the same as a quasi-coherent sheaf on Q, or, 
equivalently, a morphism of fibred categories from Q to the fibred category of quasi-coherent sheaves, [10, 3.3]. 

Given a morphism of rings i? — )• S" and a Hopf algebroid {R, A), there is a canonical structure of a Hopf 
algebroid on the extension of scalars {S, s^s)^ where 

sAs := {S (g) S) (^(Rt^R) A. 

The extension of scalars also induces a functor 

Comod(i?, A) Comod(S', sAs), M ^ S ®rM. 

If {R, A) is a Hopf algebroid over a ring k and k' is an algebra over k, then [R^i , ) is a Hopf algebroid over 
k' with R^i := k' ®k R and '■= i^' ®k ^■ 

For a Hopf algebroid {R, A) over a ring k, suppose that A is Si faithfully flat module over R R, that is, 
the functor 

N^A ®f^R^^R) N 

is a faithful exact functor on the category of modules over R R. Then a very important fact is that any 
i?-finitely generated comodule M in Comod-^^'^^^ A) is a projective i?-module, [10, 1.9,3.5]. It follows that 
Comod-^^(i?, A) is a Tannakian category with the forgetful fiber functor 

oj : Comod-^»(i?, A) ^ Mod{R) 

(Section 9.2). Further, given a morphism of K-algebras i? — )• 5, the extension of scalars sAs is faithfully flat 
over S S and the functor 

S(S)R-: Comod^'^{R,A) Comod^^(5, 5^5) 
is an equivalence of categories, [10, 1.8,3.5]. 
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9.2 Tannakian categories 

General references for Tannakian categories are [10] and [12]; also, an outline is given in [55, B.3]. By a tensor 
category we mean a category C together with a functor 

CxC^C, {XX)^ X(^Y, (28) 

a unit object Ic, and functorial isomorphisms 

X®lc = X, X(^Y ®X, X {Y Z) ^ {X ®Y) Z 

that satisfy a set of axioms, which can be found in the references above. A functor F : C ^ V between tensor 
categories is tensor if there ai^e functorial isomorphisms 

F{X)®F{Y)^F{X^Y), F{lc)^lv (29) 

that are compatible with the commutativity and associativity isomorphisms above. A morphism between tensor 
functors, F — G, is a morphism between functors that commutes with the isomorphisms (29) for F and G. 
Denote the category of tensor functors between tensor categories C and V by Fun® (C, "D). 

An internal Horn object 'Homc{X, Y) in a tensor category C is an object that represents the functor from C 
to the category of sets U i— )• Homc(C/ (8> X, Y), that is, there is a functorial isomorphism 

Homc(t/,?^omc(X, y)) ^ Homc(C/ X, y). 

An internal Hom object 'Homc{X, Y) is unique up to a canonical isomorphism if it exists. Denote the internal 
Hom object 7iomc{X, 1) by X^. An object X in C is dualizable if, for any object Y , there exists the internal 
Hom object 'Homc{X, Y) and the natural morphism 

X^ ®Y ^-HomciXX) 
is an isomorphism, [10, 2.3]. A tensor category C is rigid if all objects in C are dualizable. 

Let C and V be tensor categories. Then, for any tensor functor F : C ^ V and any dualizable object X in 
C, the object F{X) is also duahzable and the natural morphism 

F{Homc{X,Y)) ^'Homv{F{X),F{Y)) 

is an isomorphism for any object Y in C, [10, 2.7]. If C is rigid, then any morphism between tensor functors 
from C to 2? is an isomorphism, [10, 2.7]. 

Recall that in an abelian category morphisms between objects form abelian groups, there is a zero object, 
there are finite direct sums of objects, and there are kernels and cokernels of morphisms, satisfying some 
conditions. In particular, an analogue of the homomorphism theorem for groups is satisfied. Also, in an abelian 
category exact sequences are well-defined. A functor F : C ^ V between abelian categories is (left, right )- 
exact if it sends (left, right)-exact sequences to (left, right)-exact sequences. By an abelian tensor category 
we mean a tensor category such that the tensor product functor is additive and right-exact on both arguments. 
Let F : C — )■ P be a right-exact tensor functor between abelian tensor categories with C being rigid. Then, 
the functor F is exact, [10, 2.10(i)], and faithful, that is, injective on morphisms with the same source and 
target, [10, 2.13(ii)]. 

For an abelian rigid tensor category C and an object X in C, denote by {X)^ the minimal full rigid tensor 
subcategory in C that contains X and is closed under taking subquotients. We say that {X)^ is tensor generated 
by X. It follows that {X)^ is an abelian subcategory in C. 

Let i? be a commutative ring. An R-linear category C is an additive category C such that, for all objects 
X, Y in C, the group of morphisms Homc(X, Y) is given with an i2-module structure and the composition of 
morphisms is i2-bilineai\ that is, induces morphisms of i?-modules 

Homc(X, Y) (E)R Homc(y, Z) Romc{X, Z) 
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for all object X, Y, and Z in C. A functor F : C ^ V between i?-linear categories is R-linear if it induces 
i?-lineai- maps 

Homc(X,y) ^ Hom^,(F(X),F(y)). 

Denote the category of i?-linear functors between i2-linear categories C and V by FunR(C, "D). 

Given a tensor category C, a ring homomorphism R — Endc(lc) induces an i2-linear category structure 
on C. By an R-linear tensor category we mean a tensor category with an i?-linear structure obtained as above. 
Equivalently, one requires that the tensor product functor (28) is i?-linear in both variables. For example, for 
a finite commutative group G, the tensor category Rep(G) is A; [G] -linear, but it is not a fc[G]-linear tensor 
category with the tensor structure given by the usual tensor product of representations. On the other hand, 
Rep(G) is a fc-linear tensor category. 

A Tannakian category over a field k is an abelian rigid tensor category C with a fixed isomorphism 
Endc(lc) — k such that there exist a A;-algebra R and a right-exact A:-linear tensor functor a; : C — )• Mod(i?). 
The functor oo is called a fiber functor. It follows from the above that u is exact and faithful. A Tannakian 
category C is neutral if, in the above notation, one can take R = k, that is, there exists a fiber functor 
uj -.C ^ Vect(fc). 

Given a Tannakian category C and two fiber functors 

uj,r]:C^ Mod{R), 

denote the set of all tensor isomorphisms between lo and r] by 1800*^(0;, rj). Given an i?-algebra 5, one has the 
fiber functor 

LOS -.C ^Mod{S), X ^ S (^RUj{X). 

Note that the functor uos is denoted by S Cg)/? a; in [10]. It is more convenient for us to reserve the notation 
S iS)R LO for the extension of scalars of the functor defined in Section 4. 1. The functor 

Isom®(w,7?) : Alg{R) Sets, S ^ Isom® (wg, 7?s), 

is corepresented by an i?-algebra A, [10]. In particular, the identity map from A to itself corresponds to a 
canonical isomorphism of tensor functors loa flA- 

Proposition 9.2. In the above notation, suppose thatC is tensor generated by an object X. Then the R-algebra 
A is generated by the matrix entries of the canonical isomorphism 

lo{X)a v{X)a 

and the matrix entries of its inverse with respect to any choice of systems of generators of lo{X)a and 7]{X)a 
over A. 

Proof. Let i? be a fc-subalgebra in A generated by the matrix entries as in the proposition. We need to show 
that B = A. Given projective B-modules P and Q, the extension of scalars map 

HomB(P, Q) ^ Hom^(P^, Qa) 

is injective, because P and Q are direct summands in free B-modules and B is embedded into A. Therefore, 
by the universal property of A, it is enough to prove that the canonical isomorphisms lo{Y)a — > '>]{Y)a are 
defined over B, where Y runs through all objects in C. By the construction of B, this is true for the tensor 
generator X. Further, this property is preserved under taking direct sums, tensor products, and duals of objects 
in C. It remains to show that this property is preserved under taking subquotients, for which it is enough only 
to consider subobjects. Assume that there is an isomorphism of i?-modules A : lo{Y)b — >■ '>]{Y)b whose ex- 
tension of scalai^s Xa is equal to the canonical isomorphism lo{Y)a r]{Y)A- Given a subobject Z C Y, 
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consider the composition 

/i : u:{Z)b ^ uj{Y)b a ri{Y)B ^ r,{Y/Z)B. 

Since ha = ^ and ijj{Z)B, rj{Y/Z)B are projective i3-modules, we have that ^ = 0. Hence, 
X(^Lo{Z) b) = riiZ) B, which imphes the needed condition for Z. □ 

Theorem 9.3. Let C he a Tannakian category over k and letoj : C ^ Mod(i?) he a fiber functor. Then there 
exists a Hopf algehroid {R, A) over k such that A is faithfully Hat over R^f^R and to lifts up to a tensor k-linear 
equivalence of tensor categories 

C Comod^»(fl,^). 

That is, for any ohject X in C, there is a functorial in X structure of a comodule over {R, A) on uj{X) giving 
the above equivalence ([10, 1-12]). 

In particular, for a neutral Tannakian category (C, w), there exists a Hopf algebra A over k such that w lifts 
up to an equivalence between C and Comod-^5(^) (equivalently, there exists an affine group scheme G over 
k such that lo induces an equivalence between C and Hep^^ (G)). The Hopf algebroid A from Theorem 9.3 
corepresents the functor 

Isgnf{R^RUj,uJmR) : Alg{R 0^ R) Sets, 

where, as above, we put 

{mRio){X) := {R^kR)(^R^{X)^R^kUj{X), {iOn^R){X) := uj{X) {R R) = io{X) (g,k R. 
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